
Numerická matematika A – 18.6.2015
A1.

a) Kvadratická odchylka polynomu nejvýše 1. stupně p1(x) = a0 + a1x je

δ2(p1(x)) =
∑
i

(p1(xi)− yi)2 .

Optimálńı polynom p∗1(x) v daném př́ıpadě má splňovat

δ2(p∗1(x)) ≤ δ2(p1(x)),

tj. hledáme takový polynom pro který je kvadratická odchylka minimálńı. Všimněme si, že kvad-
ratická odchylka pro tento př́ıpad je funkćı dvou proměnných (koeficient̊u a0 a a1).

δ2(p1(x)) =
∑
i

(p1(xi)− yi)2 =
∑
i

(a0 + a1xi − yi)2 = G(a0, a1)

b) Kvadratická odchylka je hladká funkce proměnných a0 a a1. Minimum kvadratické odchylky tedy
může nastat pouze ve stacionárńım bodě, tj. dostáváme podmı́nky ∂G

∂a0
= 0, ∂G

∂aa
= 0. Tedy po

zderivováńı
2
∑
i

(a0 + a1xi − yi) 1 = 0,

2
∑
i

(a0 + a1xi − yi)xi = 0.

Uprav́ıme do tvaru

a0
∑
i

1 + a1
∑
i

xi =
∑
i

yi

a0
∑
i

xi + a1
∑
i

x2i =
∑
i

xiyi

c) Nejprve vypočteme součty∑
i

1 = 5,
∑
i

xi = 4,
∑
i

x2i = 10,
∑
i

yi = 5.3,
∑
i

xiyi = 14.1

Tedy řeš́ıme soustavu (
5 4
4 10

)(
a0
a1

)
=

(
5.3

14.1

)
Řešeńı je a0 = −0.1, a1 = 1.45 a optimálńı polynom p∗1(x) = −0.1 + 1.45x

A2.

a) Postačuj́ıćı podmı́nkou pro existenci a jedn. řešeńı úlohy y′′ = f(x, y, y′) je spojitost funkce f a
parciálńıch derivaćı fy = ∂f

∂y
, fy′ = ∂f

∂y′
,

f(x, y, y′) = y′ −
√

y

x2 − 1
,

fy = − 1

2
√

y
x2−1

1

x2 − 1
, fy′ = 1,



V daném př́ıpadě tedy potřebujeme splnit podmı́nky (vzhledem k počátečńı podmı́nce)

x > 1, y > 0.

Tedy
G = {[x, y, y′] : x ∈ (1,∞), y ∈ (0,∞), y′ ∈ R}

b) Převedeme na soustavu ODRc

y1 = y
y2 = y′

⇒ Y ′ =

(
y2

y2 −
√

y1
x2−1

)

nebo-li Y ′ = F (x, Y ), kde

F (x, Y ) =

(
y2

y2 −
√

y1
x2−1

)
.

c) Nejprve x0 = 2, Y (0) =

(
3
5

)
, h = 2. Poč́ıtejme

k1 = F

(
2,

(
3
5

))
=

(
5

5−
√

3
4−1

)
=

(
5
4

)

Y pom =

(
3
5

)
+ 1

(
5
4

)
=

(
8
9

)
,

k2 = F

(
3,

(
8
9

))
=

(
9

9−
√

8
9−1

)
=

(
9
8

)

Y (1) = Y (0) + hk2

(
3
5

)
+ 2

(
9
8

)
=

(
21
21

)
Tedy y(4) ≈ 21.

A3.

a) Náhrady v uzlu P k
i = [xi, kτ ]

∂2u

∂x2
(P k

i ) ≈
Uk
i−1 − 2Uk

i + Uk
i+1

h2
,

∂2u

∂t2
(P k

i ) ≈ Uk−1
i − 2Uk

i + Uk+1
i

τ 2
,

kde Uk
i ≈ u(P k

i ), Dosazeńım do rovnice

∂2u

∂t2
= c2

∂2u

∂x2
+ f(x, t)

v uzlu P k
i dostaneme

Uk−1
i − 2Uk

i + Uk+1
i

τ 2
= c2

Uk
i−1 − 2Uk

i + Uk
i+1

h2
+ f(xi, τk)

Vynásobeńım τ 2 dostaneme

Uk+1
i = c2τ 2

Uk
i−1 − 2Uk

i + Uk
i+1

h2
− Uk−1

i + 2Uk
i + τ 2f(xi, τk).



Označ́ıme σ2 = c2τ2

h2
a uprav́ıme

Uk+1
i = σ2Uk

i−1 + 2
(
1− σ2

)
Uk
i + σ2Uk

i+1 − Uk−1
i + τ 2f(xi, t

k)

Pro prvńı časovou vrstvu (t1 = τ):

u(xi, t1) = u(xi, 0) +
∂u

∂t
(xi, 0) +O(τ 2),

a po zanedbáńı O(τ 2)

U1
i = u(xi, 0) + τ

∂u

∂t
(xi, 0),

kde za u a ∂u
∂t

dosad́ıme z poč. podm, tedy

U1
i = xi(4− xi) + τ 0,

b) Volba h = 1, τ = 0.3, c = 3 dává σ = cτ
h

= 0.9 ≤ 1, tedy podmı́nka stability je splněna.

Hodnoty na nulté a prvńı časové vrstvě jsou stejné

xi 0 1 2 3 4

U0
i 0 3 4 3 0

U1
i 0 3 4 3 0

x = 4

t = 0.3

x = 3x = 2

A B

x = 1

P
0

1

P
1

1
P

2

1

P
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c) c = 3, σ2 = c2τ2

h2
= 0.81

UA = 0.81(U1
0 + U1

2 ) + 2(1− 0.81)U1
1 − U0

1 + 0.09 · 0.3 = 0.81 · 4 + 0.18 · 3− 3 + 0.027 = 1.407

UB = 0.81(U1
1 + U1

3 ) + 2(1− 0.81)U1
2 − U0

2 + 0.09 · 0.3 = 0.81 · 6 + 0.18 · 4− 4 + 0.027 = 2.407

A4.

a) Použéjeme

z′(x) =
z(x+ h)− z(x− h)

2h
+O(h2)

pro h := h/2 a z(x) = p(x)y′(x). Tedy

z′(xn) = (p(x)y′(x))
′ |x=xn ≈

p(xn − h/2)y′(x− h/2)− p(xn + h/2)y′(x+ h/2)

2h
2



kde označ́ıme pn±1/2 = p(x± h/2). Dále pak

y′(xn − h/2) ≈ yn − yn−1
h

, y′(xn + h/2) ≈ yn+1 − yn
h

.

Tedy

(p(x)y′(x))
′ |x=xn ≈

1

h2
[
pn−1/2yn−1 −

(
pn−1/2 + pn+1/2

)
yn + p(n+ 1/2)yn+1

]
.

Náhrada rovnice v samoadjungovaném tvaru −(p(x)y′)′+q(x)y = f(x) v uzlu xn pak je po úpravě

−pn−1/2yn−1 +
(
pn−1/2 + pn+1/2 + h2q(xn)

)
yn − pn+1/2yn+1 = h2f(xn)

př́ıpadně označ́ıme qn = q(xn) a fn = f(xn).

b) Pro rovnici v samoadjungovaném tvaru −(p(x)y′)′+ q(x)y = f(x) postačuj́ıćı podmı́nky existence
řešeńı Dirichletovy úlohy jsou:

(i) Spojitost funkćı p(x), p′(x) , q(x) a f(x) na celém intervalu 〈a, b〉.
(ii) Dále p(x) > 0 a q(x) ≥ 0 pro všechna x ∈ 〈a, b〉.

Vid́ıme, že funkce p(x) = x, p′(x) = 1, q(x) = (x − 1), f(x) = 4 jsou spojité na daném intervalu.
Nav́ıc p(x) > 0, a q(x) ≥ 0 pro x ∈ 〈1, 5〉.

c) Nejprve vypočteme hodnoty funkćı p a q (f - je konstantńı).

xi±h/2 1.5 2.5 3.5 4.5
p(xi ± h/2) 1.5 2.5 3.5 4.5

xi 2 3 4
q(xi) 1 2 3

Sestav́ıme soustavu rovnic (1.5 + 2.5 + 1) −2.5 0
−2.5 (2.5 + 3.5 + 2) −3.5

0 −3.5 (3.5 + 4.5 + 3)

 y1
y2
y3

 =

 4 + 1.5 · 2
4
4

⇒
 5 −2.5 0
−2.5 8 −3.5

0 −3.5 11

 y1

y2

y3

 =

 7
4
4





Numerická matematika B – 18.6. 2015

B1.

a) Ano, protože:
‖U‖E =

√
0.96

b)

X(1) = V =

(
2
1

)
,

X(2) =

(
0.7 0.3
−0.6 0.1

)(
2
1

)
+

(
2
1

)
=

(
1.7
−1.1

)
+

(
2
1

)
=

(
3.4
−0.1

)
c)

ρ(U) = 0.5

nebot’ charak. rovnice

λ2 − 0.8λ+ 0.25 = 0⇒ λ1,2 =
0.8±

√
−0.04

2
= 0.4± 0.3 i,

tedy
|λ1| = |λ2| =

√
0.16 + 0.09 = 0.5

B2. a)
y1 = y

y2 = y′

y3 = y′′
⇒ Y ′ =

 y2
y3

3y3 − 3y2 + y1


b) h = 0.1 Eulerova metoda:

Y (−2.9) = Y (−3) + 0.1F (−3, Y0) =

 1
1
1

+ 0.1

 1
1
1

 =

 1.1
1.1
1.1


Y (−2.8) = Y (−2.9) + 0.1F (−2.9, Y (−2.8)) =

 1.1
1.1
1.1

+ 0.1

 1.1
1.1
1.1

 =

 1.21
1.21
1.21


c) h = 0.1 Collatzova metoda:

k1 = F (−3, Y (−3)) =

 1
1
1

 , Ypom = Y (−3) + 0.1k1 =

 1
1
1

 + 0.1

 1
1
1

 = 1.1
1.1
1.1





k2 = F (−2.9, Ypom) =

 1.1
1.1
1.1

 , Y (−2.8) = Y (−3)+0.2 k2 =

 1
1
1

+0.2

 1.1
1.1
1.1

 = 1.22
1.22
1.22


B3. a) Podmı́nky souhlasu:
v x = 0, t = 0: počátečńı u(0, 0) = −4, okrajová u(0, 0) = −4 v x = 1, t = 0: počátečńı
u(1, 0) = 6, okrajová u(1, 0) = 6

b) Podmı́nka stability:
pτ

h2
≤ 1

2
, p =

1

2
, h = 0.1, τ = 0.01 ⇒ 0.5 · 0.01

0.01
= 0.5 je

splněna.
c)

U(A) =
1

2
(U(0.7, 0.01) + U(0.9, 0.01))+0.01 ·2 ·0.8 =

1

2
(3.014+5.018)+0.016 = 4.032

U(0.7, 0.01) =
1

2
(U(0.6, 0) + U(0.8, 0)) + 0.01 · 2 · 0.7 = 3.014

U(0.9, 0.01) =
1

2
(U(0.8, 0) + U(1, 0)) + 0.01 · 2 · 0.9 = 5.018

U(0.6, 0) = 2, U(0.8, 0) = 4, U(1, 0) = 6

B4. a) Regulárńı :•, neregulárńı : �

B
B
B
B
B
B
B
B
BB

u
u

�

�

b) Na y = 1 lež́ı jeden regulárńı a jeden neregulárńı:
regulárńı: 4U(0.5, 1)− U(1, 1)− U(0.5, 0.5) = 2 + 3 + 0.25(−0.5) = 4.875,

neregulárńı: δ =
1

3
,

4

3
U(1, 1)− 1

3
U(0.5, 1) = 2


