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Solvers, schemes
SIMPLEX, upwind,...

Remark: foils with ,black background®

could be skipped, they are aimed to the
more advanced courses

Rudolf Zitny, Ustav procesni a
zpracovatelské techniky CVUT FS 2010



ES@FINITE VOLUME METHOD

FINITE CONTROL VOLUME ox = Fluid element dx

Infinitely small size




ESlF-\VM diffusion problem 1D

[ [0«(rOo) +s,]dv =0
Cv CV - control volume

Gauss theorem A — surface of CV

jﬁ-(rmcb)dm j S,dV =0
A Cv

1D case E(I‘Ci—.l(xp) S=0 PAFPD, PBFDG,

Mol dO 0 -,
° 2 dx OXoe




ESlF-\VM diffusion problem 1D

Overall flux from
the west side
- _ Linearization of
e

®, - O P, -d,
rA—E£ P AP @, =0
eAé 5)%5 WAW JX/\P SJ-*—SD E

(o g =810, =0, H 0+
KRR

»a, = a,tag for S=0 (without sources)

jﬁ-(rmcb)dA+ j S,dV =0
A Ccv

do
FA—
(A )

Check properties

» All coefficients are positive



Bl T utorial — sphere drying

Enthalpy of
evaporation
Heat tran fer from air at
temperature T,

r—a(k )O —LO—O k—:kaTgTR))AhD

1d4pd®y g 98 _ o 9% | —pgh-0 R))

redr ar dr ar
Mass transfer
Diffusion coefficient coefficient
Internal control volumes
Tg temperature at surface of sphere must
be extrapolated (using T, and T;)




ESlF-\/M diffusion problem 2D

a(l_acb)+a(l_acb)+8:0
oX 0x oy oy

‘ Nl aPCDP :aN¢W+aECDE+aN¢N +aSCDS+SJ
A’ij)—W%P%’E"— _FLA A
ST a'N 5XAP J a; 5)§DE yuaus
B 3 =g, ta. ta, tag -3,

Boundary conditions

>First kind (Dirichlet BC) ®(A) =0, =xample: insulaton 670
0P
>Second kind (Neumann BC) - A= da Example: Finite thermal
X resistance (heat transfer

coefficient o)

>Third kind (Newton's BC) | 9® L= a (®(A)- ®
A e
X



ESlF\VM unsrucra MeSh generation

_ Finite Volume Method
Voronoi polygons ——

: . Finite Element Method
. Delaunay triangulation —

Voronoi control volume associated
with node i. Set of points X,y

having distance to I less than the
distance to any other node j.

Circumcenter
remains inside
Delaunay triangle



ESlF\VM srucwra Mesh generation

: X =0
Y =0




ES#F\/M convection diffusion 1D

j Te(pUD)AV = j [O«(TOP) +S,]dV

CV - control volume

Gauss theorem A — surface of CV

j Ae(oUD)dA = j Ae(C D) dA+ j S,dV
A

1D case —(,auCD) —E(Fd—cb) S

F P, —F,®@, =D (P ~®p) D, (P, B )+, + 3Py




ES#F\/M convection diffusion 1D

F-mass flux (through faces A) F, = (pu)w F = (,au)e

Continuity equation
(mass flowrate
conservation) F.=F,

. . rW re
D-diffusion conductance D, = D, =

OXpp OXer
Relative importance of convective transport is characterised by Peclet
number of cell (of control volume, because Pe depends upon size of cell)

Pe:Re:’OUJX E M=y PaS‘k—]
’ -
Pe:pUJX—R P W kgEIK Pe:—
kic, cIo mEIK J mEt D
2
pe, =P -Ress  =pD, {3 =K
PD s m s mis



ES#F\/M convection diffusion 1D

Methods differ in the way how the unknown transported values at the control
volume faces (CDW : CDe) are calculated (different interpolation techniques)

Result can be always expressed in the form

P, = ), a,P,

neighbours

Properties of resulting schemes should be evaluated
»Conservativeness
»Boundedness (positivity of coefficients)

» Transportivity (schemes should depend upon the Peclet number of cell)



ESl-\/M central scheme 1D

0= (B +®) B, O, +0,)

aPcDP = aNCDW t aECDE

F F
=D +- X =D ——=£
aN W 2 aE e 2

»Conservativeness (yes)
»Boundedness (positivity of coefficients)

» Transportivness (no)

Very fine mesh is
necessary



EslF\VM upwind 1 st order 1D

®_=d, for flow direction to righ, > 0 els®_=d_
®, =@, forF, <0 elsed , =d,,

a‘PcDP - aNCDW +a‘EcDE
a, =D,+max(F,,0 a.=D,+ mak-F, ,p

»Conservativeness (yes)

»Boundedness (positivity of coefficients) YES for any Pe

» Transportivness (YES)

But at a prize of decreased
order of accuracy (only 1st
order!!)



-FVM hybrld UpWIﬂd Spalding 1972 1D

» Central scheme for Pe<?2

»Upwind with diffusion supressed for Pe>2

P, =a,d, +a:P;

»Conservativeness (yes)

»Boundedness (positivity of coefficients) YES for any Pe

» Transportivness (YES)

But at a prize of decreased
order of accuracy at high
Pe



-FVM pOwer IaW Patankar 1980 1D

»Polynomial flow for Pe<10

»Upwind with zero diffusion for Pe>10
a,P, =a,P, +a P,
a, =D, max( (1—'1—(?‘)””)5 ,Oj+ maxF,, ,0)

Pe
=D.max (1I-—=) ,0{+ maxtF, ,0
a; =D, (( S 1.0[+ maxtF, ,0)

»Conservativeness (yes)
»Boundedness (positivity of coefficients) YES for any Pe

» Transportivness (YES)



-FVM QUICK Leonard 1979 1D

Quadratic Upwind Interpolation — more nodal points necessary

"""""""""""

WW W P | E EE

8,®p =8, D, +8:Pe + Ay, Py +%ﬁ>

%—Eﬂ+3 (@, +1)+D, %=-

F F
B =21, ae =2, )

» Third order of accuracy very low numerical diffusion comparing with others  chemes

»Scheme is not bounded (stability problems are frequently encountered)

a =1 for F >0 else a_=0. a,~1 for F, >0 else a,=0.



ESlF\VM exponential raankarieo 1D

» Exact solution for constant velocity and diffusion
coefficient I

P, =a,b, +a- b Pe
ePe/2 e—Pe/Z
p— a. =
aN ePe/2 + e—Pe/Z E ePe/2 + e—Pe/Z

»Conservativeness (yes)
»Boundedness (positivity of coefficients) YES for any Pe

» Transportivness (YES)

O



EslF\VM exponential o

»Exact solution for constant velocity and diffusion coefficient I

Assume constant mass flux F and constant Pe=F/D.

6;DF::( )_,CD—L%E cl_>CD:§aai)+cl_,CD:cZepe&+c1
X X X e 0x
D =¢, e 1 a” e'Pe—epe
d_—-P
D, e C, = epf _e_\F’,Ve Identified

constants

O -d, , P -P "D (1-e™)+ D, (1-€7)

CDP — ePe _ e—Pe e—Pe _ ePe - epe _ e_pe
1_ e—Fé e—FB’Z (eFE/ 2 _ e—Fé/ 2) e—Fé/ 2
= _ R - 2 R Y
Exact solution at €°-¢ (é:y € 2)(@3 +e 2) e€**+e
central point ena'z

aN - ePB’Z +e—F7e/2



-FVM Central SCheme with modified viscosity

Almost any scheme (with the exception of QUICK) can be
converted to central scheme introducing modified transport

coefficient I
3, ®p =28, Py, +a P
* F *
=D +X% a =D ——¢%
Ay T £ -
Modified diffusion conductances are

and

-1 Central scheme

=1+— Upwind scheme

= -~ Exponential scheme
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triangle (without diffusion)



ESlF\/M Navier Stokes equations

Example: Steady state and 2D (velocities u,v and pressure p are unknown functions)

auzauv op 0
OO0 =Py 2 (T4

0 , du
— (U —)+Su
0X oy oX O0X ox oy

auvav2 op 0,6 o0v, 0
i vh-w )a(u—) S,

0X oy dy 0X OX

opu N o0pVv _
ox oy

But pressure p is not in the continuity equation!
Solution of this problem is in SIMPLE methods, described later



ESlF\/M checkerboard pattern

Other problem is called checkerboard pattern

This nonuniform distribution of pressure has no effect upon NS equations

The problem appears as
soon as the u,v,p values
are concentrated in the
same control volume

opwwv _~ 0p 0, ou, 0, Ou
+ ———+ + +
0X oy OX 0X W ax) oy W ay) 2



EslF\VM staggered grid

Different control volumes for different equations

Control volume for
momentum balance in
y-direction

e
2
)
:

Control volume for
continuity equation,
temperature,
concentrations

@Do—lo
0X OX

Control volume for
momentum balance in
x-direction

dpu> dpuv _ dp 0, Au, 0 ,b Au
L L P H—)+—(U—)+ S
[0)4 ay oX O0x o0x oy oy




EslF\VM staggered grid

Location of velocities and pressure in staggered grid

Control volume for
momentum balance
~_ in y-direction

— | J+1

J+2

Control volume for
continuity equation,

temperature,
concentrations j+1 Pressure 1,J
J U i,J
J Vv ¥
J-1

Control volume for < -1

momentum balance in
x-direction

J-2

-1 i i+1 I+1i+2|+2



ESl-\/M continuity equation

— +—=0
ox oy
Control volume for 2
continuity equation, “«—OX —
temperature, J+1
concentrations j+1 Pressure 1,J
J U i,J
J V ¥
J-1
-1
J-2
-2 L by HLpl2




EBlF\VM momentum X

dou* dpuv _ Op 08 , Au, 0 , OU

B+ = TR ()t (M) + S,

0X oy 0X O0x o0x oy oy
j*2
J+1
*1

e [

J-1

\ 2

Control volume for < -1

momentum balance in
x-direction

J-2

-1 . |

-1 | i+1 I+1

ol 12

Pressure 1,J
U I,J
V 1]

a U 5 = Z anbunb+A,J(pl—l,J Y ,J)+b|J

neighbours



S\ M momentum y

opuv N

a,ow ap 0

“V+—(u—)+
0X ay ay ax( ) ( ) 3
Control volume for j+2
momentu_m b_alance
\41 y-dlr?_c_:t_lgn// J+1
/ / j+1 Pressure 1,J
L4 J U 1,J
i 11/ ; J V ¥
: v
[ .,)___: \]'1
-1
J-2
-2 11 L 142

z ApVip +A,j (p| J-1

neighbours

B ,)*0h;



-FVM S”VIPLE step 1 (velocities)

Input: Approximation of pressure p*

a1~]ui*,3 - Z anbu:b T A’J ( p*|—1,J - rjc| J ) T b'J

neighbours

al,JVT,j: > 3wV, *A (P ~P )*h,

nelghbours



-FVM Sl M P LE step 2 (pressure correction)

*

=p +p' U=U+U' V=V +V
p p p “true”
solution

a ,U ;= Z AUy, T A,J(pl—l,J — P ,J) + le
neighbours
/7A=Y a +AL(F,, - B )+,
subtract neighbours
N, = 2 AU AR, )
u,=d,(_,-p,) v;=d;P@ _-p,)

Substitute u*+u’ and v*+Vv’ into continuity equation :
Solve equations for
pressure corrections

a;py = D, 8,P'ptb’;

neighbours



-FVM S”VIPLE step 3 (update p,u,v)

Only these new pressures are
necessary for next iteration

< Vi +d|,j(3'| J-1 DII ,J)

Continue with the improved pressures to the step 1



-FVM S”VIPLEC (SIMPLE corrected)

Neglect!!! Good estimate

as soon as neighbours are not
far from center

A, = 2w, *AyP,, ~P)
nelghbours
-p,,)

-1,J I J

.U = D, Ay

neighbours

neighbours

Improved d,,



EBl-\VM SIMPLER (simpLE Revised)

Idea: calculate pressure distribution directly from the Poisson’s equation

+[Je(o0]) = ~CeIp

p+

“U

+,u|2-U




ESl-\VM Rhie Chow (Fluent)

The way how to avoid staggering (difficult implementation in unstructured

meshes) was suggested in the paper

Rhie C.M., Chow W.L.: Numerical study of the turbulent flow past an airfoil with

trailing edge separation. AIAA Journal, Vol.21, No.11, 1983

we have at each cell discretised equation in this form,

. ., Vp
a,ip = Z a;iy — 7
neighbours
For continuity we have
1 1V
= L] 2l
faces L™F face faces LF face
where
H = Z a;v;
neighbours

This interpolation of variables H and vp based on coefficients a, for
pressure velocity coupling
Is called Rhie-Chow interpolation . See also




EElF\/M solvers

Solution of linear algebraic equation system Ax=Db

» TDMA — Gauss elimination tridiagonal matrix

(obvious choice for 1D problems, but suitable for 2D and 3D problems too, iteratively along the x,y,z
grid lines — method of alternating directions ADI)

> PDMA - pentad|ag0na| matI’IX (suitable for QUICK), Fortran version

» CGM — Conjugated Gradient Method (terative method: each

iteration calculates increment of vector @ in the direction of gradient of minimised function — square of
residual vector)

» Multigrid method (Fluent)




-SOIVer TDMA tridiagonal system MATLAB
ax,thx +c6x,, =d, i=12,..n

function x = TDMAsolver(a,b,c,d)
%a, b, c, and d are the column vectors for the comp ressed tridiagonal matrix
n = length(b); % n is the number of rows

% Modify the first-row coefficients
c(1) =c(1) / b(1); % Division by zero risk.

d(1) =d(1) / b(1); % Division by zero would imply a singular matrix.
fori=2:n

id=1/(b(i) - c(i-1) * a(i)); % Division by zero risk.

c(i) = c(i)* id; % Last value calcul ated is redundant.

d(i) = (d(i) - d(i-1) * a(j)) * id;

end
Forward step (elimination
% Now back substitute. entries bellow diagonal)
x(n) = d(n);
fori=n-1:-1:1

x(i) = d() - c(i) *x(@i +1);
end
end



EElSolver TDMA applied to 2D problems (ADI)

Y-implicit step (repeated application of
TDMA for 10 equations, proceeds from
left to right)

X-implicit step (proceeds
bottom up)

v



-SOIVer PDMA pentagonal system MATLAB

% Backsubstitution L'x=c

function x=pentsolve(A,b)

% Solve a pentadiagonal system Ax=b where A is a strongly nonsingular

matrix

% Reference: G. Engeln-Muellges, F. Uhlig, "Numerical Algorithms with C"

% Chapter 4. Springer-Verlag Berlin (1996)%
% Written by Greg von Winckel 3/15/04
% Contact: gregvw@chtm.unm.edu
%
[M,N]=size(A);
x=zeros(N,1);
% Check for symmetry
if A==A" % Symmetric Matrix Scheme
% Extract bands
d=diag(A);
f=diag(A,1);
e=diag(A,2);
alpha=zeros(N,1);
gamma=zeros(N-1,1);
delta=zeros(N-2,1);
c=zeros(N,1);
z=zeros(N,1);
% Factor A=LDL'
alpha(1)=d(1);
gamma(1)=f(1)/alpha(l);
delta(1)=e(1)/alpha(l);
alpha(2)=d(2)-f(1)*gamma(1);
gamma(2)=(f(2)-e(1)*gamma(1))/alpha(2);
delta(2)=e(2)/alpha(2);
for k=3:N-2
alpha(k)=d(k)-e(k-2)*delta(k-2)-alpha(k-1)*gamma(k-1)"2;
gamma(k)=(f(k)-e(k-1)*gamma(k-1))/alpha(k);
delta(k)=e(k)/alpha(k);
end

alpha(N-1)=d(N-1)-e(N-3)*delta(N-3)-alpha(N-2)*gamma(N-2)"2;

gamma(N-1)=(f(N-1)-e(N-2)*gamma(N-2))/alpha(N-1);
alpha(N)=d(N)-e(N-2)*delta(N-2)-alpha(N-1)*gamma(N-1)"2;
% Update Lx=b, Dc=z
z(1)=b(1);
z(2)=b(2)-gamma(1)*z(1);
for k=3:N
z(k)=b(k)-gamma(k-1)*z(k-1)-delta(k-2)*z(k-2);
end
c=z./alpha;

X(N)=c(N);
X(N-1)=c(N-1)-gamma(N-1)*x(N);
for k=N-2:-1:1
x(k)=c(k)-gamma(k)*x(k+1)-delta(k)*x(k+2);
end
else % Non-symmetric Matrix Scheme % Back substitution Rx=c

d=d?ag(A); X(N)=c(N);
e=diag(A,1); X(N-1)=c(N-1)-gam(N-1)*x(N);
de[lc??j(A%)A 0] for k=N-2:-1:1

=10diag(A,-1)f; x(k)=c(k)-gam(k)*x(k+1)-delta(k)*x(k+2);
o-[0.0:0iag(A. 2] end( )=c(k)-gam(k)*x(k+1) (K)*x(k+2)
alpha=zeros(N,1);
gam=zeros(N-1,1); end

delta=zeros(N-2,1);

bet=zeros(N,1);

c=zeros(N,1);

z=zeros(N,1);

alpha(1)=d(1);

gam(1)=e(1)/alpha(1);

delta(1)=f(1)/alpha(1);

bet(2)=h(2);

alpha(2)=d(2)-bet(2)*gam(1);

gam(2)=( e(2)-bet(2)*delta(1) )/alpha(2);

delta(2)=f(2)/alpha(2);

for k=3:N-2
bet(k)=h(k)-g(k)*gam(k-2);
alpha(k)=d(k)-g(k)*delta(k-2)-bet(k)*gam(k-1);
gam(k)=( e(k)-bet(k)*delta(k-1) )/alpha(k);
delta(k)=f(k)/alpha(k);

end

bet(N-1)=h(N-1)-g(N-1)*gam(N-3);

alpha(N-1)=d(N-1)-g(N-1)*delta(N-3)-bet(N-1)*gam(N-2);

gam(N-1)=( e(N-1)-bet(N-1)*delta(N-2) )/alpha(N-1);

bet(N)=h(N)-g(N)*gam(N-2);

alpha(N)=d(N)-g(N)*delta(N-2)-bet(N)*gam(N-1);

% Update b=Lc

c(1)=b(1)/alpha(1);

c(2)=(b(2)-bet(2)*c(1))/alpha(2);

for k=3:N
c(k)=( b(k)-g(k)*c(k-2)-bet(k)*c(k-1) )/alpha(k);
end



EElSolver CGM conjugated gradient GNU

Solution of linear algebraic equation system Ax=Db

Minimisation of
quadratic function

function [x] = conjgrad(A,b,x) flx) = %XTAX —x'b, xeR"

r=b-A*x;
p=r; Residual vector in k-th
'y, — b — AX;;.

for i=1:size(A)(1)

Ap=A*p: Vectgr of ingremgnt conjugated
alpha=rsold/(p'*Ap); with previous increments
x=x+alpha*p;
r=r-alpha*Ap; |
rsnew=r"r; pr Ary,
if sgrt(rsnew)<l1e-10 Pr+1 = T — pTAp- Pi
break; i<k L i
end
p=r+rsnew/rsold*p;
; rsold=rsnew; Xpt1 = Xp + g1 Pt )
en .
end Qpyq = Pit1Tk

PE+1 Appiy



EsSolver MULTIGRID

Solution on a rough grid takes into account very quickly long waves (distant
boundaries etc), that is refined on a finer grid.

Rough grid (small wave numbers) Fine grid (large wave numbers detais)

Interpolation from
rough to fine grid [ O
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EB@Unsteady flows

Discretisation like in the finite difference methods discussed previously

2
oT a 0T
Example: Temperature field — - —d——
ot 0X
1 n+1 1 n+l
TI;H- n+1 .TW TISH- .TE n+1 n+1
TolT ol At ™ At
n P n n
| n-1 | n-1 n-1
EXPLICIT scheme IMPLICIT scheme CRANK NICHOLSON scheme
First order accuracy in time First order accuracy in time Second order accuracy in time
Stable only if Unconditionally stable and bounded  Unconditionally stable, but bounded
only if 2
AX° AX
At <— At <—
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ES@F\/M Boundary conditions

Boundary conditions are specified at faces of cells (not at grid points)
»INLET specified u,v,w, T k,& (but not pressure!)
»QOUTLET nothing is specified (p is calculated from continuity eq.)

» PRESSURE only pressure is specified (not velocities)

»WALL zero velocities, k,, €, calculated from the law of wall _I

Recommended combinations for several outlets

PRESSURE PRESSURE OUTLET

INLE PRESYURE INLET

PRESSURE : PRESSURE : OUTLET

Forbidden combinations for several outlets

PRESSURE there is no unique solution
because no flowrate is specified
PRESSURE

OUTLET




ES@F\/M Boundary conditions

»SYMMETRY
»PERIODICAL
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