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Analysis of deformation

Analysis = Avalvoig

in Greek
The action of | Strain
taking something apart is a measure of |
in order to study it the change of shape and dimensions
Cauchy, A.L. (Exercices de Mathematiques, 1827)
Sur la condensation et la dilatation des corps solides
We are used to
connect deformation with an action of forces
SIR WILLIAM PETTY (London, 1674) This leads us to the

... a new Hypothesis of Springing or Elastique Motions

ROBERT HOOKE (London, 1678/1660)
De Potentia Restitutiva

concept of Elastic body

5 €63



Stress

If we accept that

deformation = f(acting forces)
we must look at the

description of these forces

P14
F=[tdA
Pis
'\ A
where the traction

CaucHy, A. L. (1823)
F

— lim —
t AlinmA

12

F#P = F=g(n)

n — outer normal

LB

For A — 0 we define stress o as
F=tA=0(A), A= An

It turns out that— 6 c 63



Love, A.E. H. (1927)

Stress tensor (A)

Take out
a long element

We neglect the front forces

The total force
F = o(A) + o(B) + o(C) A, B,C — normals with length of the cross-section area

o(A) — the force on the A = An, similarly o(B), o(C)

area(z?)

i S omeasy = ©

T—

area F . O'(A>+O'(B)—|—O'(C) — ()

— = o —— = acceleration

(F # 0 = acceleration — c0) = F' =0 0(—C) = —0(C) =0(A) +0o(B)

From the definition: O'(kA) 5= kO'(A)

Geometrie: A+ B +C =0 O<A + B> — U(A) + J(B)

The stress o is a (linear) vector operator, i.e. tensor

in abstract index notation:

e =1%A = Aaabnb tedy t* = O'abnb
7€ 63



Tensor calculus HamicToN, W. R. (1854, 1855

)
. . WOLDEMAR VOIGT (1899)
Distance of two points on a surface GREGORIO RICCLCURBASTRO (1890)

TurLio LEVI-CIviTA (1900)
2 ALBERT EINSTEIN (1915)
f SYNGE, J. L. and SCHILD, A. (1978)
(1989)

plane surface

LovELOCK, D. and RunD, H.

2
curved surface g coordinate system &
is deformed with the body

ds? = (dg")” + (d¢?)”

ds? = (d¢' ag? ) ((1) (1)) ( f}g) ds? = gudende!

ds? = §,,dEedE® (Einstein summation) ds, — ds, 0ab = Gab

; Jab 1S metric tensor
dap 1S Kronecker symbol

L K 18231891 : :
ROPOLD HKONECKER (1823=1891) How to determine metric tensor gg;?

Just express the distance (metric) ds on the surface in 3!

8 €63



MetriC, metriC tensor 52 CIARLET, P. G., GRATIE, L., and MARDARE, C. (2006)

CIARLET, P. G. and LAURENT, F. (2003)
. . G.
Mapplng (9 : 2 SO W — CIARLET, P (2005)

z, = O(%) . Consequences: Ny
x = 0(£% 4 dg° 4+ (2): g, =
(€ +de g W+@): 9=
vector algebra
00 00
(1) dr =g1d&" + godg? (3)+(4): gap = 9ea Dea
dr =2 — x, ystem
dr = @(fa -+ dga) — 9(5“) Cartesial Coofd‘“ate Metric tensor is symmetric
vsi Gab = Gba
vector ana ySIS (pro 4 = 0) ZCS Base vectors are not orthogonal
(2) lr 851 d€ 862 g ga ) gb — gab ?é 5ab
2 2
00 00
2—dr-dr = det) + 222 detde?
ds® = dr - dr ((%1 5) 9EL 2 § §+(a§2 f)
Using Einstein summation
From the definition
00 06
(3) ds? = =———d¢de? ds? = gpdEeded (4)

~ Dge eb

9 €63



Abstract index notation G e N oo

2 Cartesian coordinate system  (g,cidean space)

X

Base vectors are orthonormal
€y, €y = 5ab
Vector is linear combination of base vectors

1 a = a'e; + a’es = a’e,

Curvilinear coordinates (Non-euclidean space)

¢ Base vectors are not (generally) orthonormal

9o " 9b = Gab # 5ab
We are not used to it = We introduce new base vectors:
such that

“gp= 0
We may write

61 a —= i aaga

e.g. scalar product
a-a— (aaga) ) (abgb) _ (aaga) ) (abgb) — aaabga gy = aaaa
vector addition a+b=a,9"+ b.9* = (a, + b,) g*

Tensor equaton T =a®b & T%g,®g, = (a"g,) @ (b'gy) = a“a’g, @ gy

Leaving base vectors leads us to

Abstract index notation a1, =a-a, a’+b <a+b aWsaxb e 6



Covariant derivative, transformation rules

£2 Upper index

/ g

-

Diferencial operator
grad ¢ = Vap 9" = 0,0 g”
divv = Vv =V, 0v°

rotA =V x A = ¢V, A, ¢°
VZp = div grad ¢

Transformation rule for % = x"’(fb)

Transformation rule for covectors
(covariant) 09 _ 0" d¢
oxe Oz 0P

Definition: ¢ = (gq) "
a.,9" = a“qg,
Multiplying by g, leads at a,g“ - g, = a”g, - g
and a,0p = a”gup
Multiply by ¢*¢ and the definition  ¢*a, = a
Covariant derivative
da 0 » OGb

b _ b J0
81'& T axa (CL gb) T (aaa )gb - a (9.1'&

We seek linear combination of the base vectors

oa
R (aaab _|_ Fgcaxc)gb

d

Oxe 9a Voa' = 0,a" +T° a
Sign it as = V,a’g,
oz
The T'¢, (Christoffel symbol of the 2" kind) exists:
1
ng — gdci(gac,b + Jeb,a — gab,c)

Transformation rule for vectors
ox®
&b

(contravariant)  j,a det

SYNGE, J. L. and ScHILD, A. (1978)
LOVELOCK, D. and RunD, H. (1989)

C
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. G , A. E. Z , W. (1954
A deformation tensor REEN AND Zemuia, W, (1954
Cartesian reference frame 5 CIARLET, P. G. (2005)

0 252— material c.s. i,
a coordinate system
deformed with the body

0% Is space c.s.

vector
of displacement

Curvilinear surface after deformation

O+u:0Q— 3

A given point has, before deformation,
in c.s.o and &

the same coordinates 0%=¢“

The same point has, after deformation
still the same coordinates at the c.s. & (£7),

but at the c.s. 0, the coordinates are not the same
and are given by (unknown) function 0% = 0%(£?)

the € nge of shape and dimensions

The shape and dimensions are described
via coordinate systems

And they are of various types. ..

12 € 63



The distance of points on the surface
GREEN, A. E. AND ZERNA, W. (1954)

Deformation tensor ANTMAN, S. S. (2005)

Cartesian (spacial) coordinate system CIARLET, P. G. (2005)

02
Spacial coordinate system
03 d 2 O do®d b
ref = Japdz®da’ S0 =Yab A0 dO
2 0 a 1¢b
ref — 5 dgadgb dSo —Jab d€ df
1 O1

The body is displaced and
deformed

dSI’ef dOl
dx _dgl

Deformation is characterized by the change of a length
e.g. the eIement length, i.e. (ds® — ds?)

ds? —ds —(gab gab)dﬁadﬁb

vector
of displacement

Material coordinate system

a 1¢b
¢ _ga f dg
The relation ds? — ds? = 2 E,;, d¢*d&” defines
Green-Lagrange-St. Venant deformation ¢l
& 1, ¢ o < L
E = _(gab — gab) ;, Metric Jab is known as,
2 if g(c)zb: 5aby

If 0,£° is Cartesian c.s. :
Cauchy-Green deformation

i.e. gzbz Oap and 0% = €% + u®

¢ Oa®dat , o 7/ cod d c
Gab= (9_5“8_87 Ged= (5(1 + aau )(5() + 6bu )5cd i 6ab + aaub + abua + 8au 8buc
& 1
E = 5(gib —Oap) = 5(8aub + Oyty + OguOpu,) — the deformation tensor (lagrangian description)

Euler deformation (Almans deformation): E,, 13 € 63



KELVIN, TAIT, KIRCHHOFF, SAINT-VENANT, PEARSON, VON KARMAN
Love, A. E. H. (1927)

Small deformation tensor and energy minimum principles Waskizu, K. (1975)
Green-Lagrange-St. Venantova deformation._ . . CIARLET, P. G- (2005)
e | Small deformation tensor
¢ 1
Eab: 5(9@[) — gz,b) — é(aan + 8bua + 0, buc) == gab: 5(8(171/[) —l_ 8bua)
in Cartesian coordinates passing into curvilinear coordinates

8@ =V, (WaLp, R. M., 1984)

_ %(Vaub 4 Vbua) and check tensor transformation

lin.

Generally for small deformation

1

Eab=— §(gab — QZb)

Principle of the total potential energy minimum = The min principle of complementary energy

~ . (MAUPERTUIS, 1746) N . ab
U, = arg min I (u,.) (EULER, 1744) Oap = Arg min II.(c)
Up€ (LAGRANGE, 1788) otre

The real state of a deformed body, u,, minimizes the total potential energy The equilibrium stress state, 5,,, minimizes the c.e.
(on a set of admitted stress states)

(on a set of admissible states, )

ab ab b
II(ug) = a(ug,) — l(u =1{0% | Vao™ + 1" =01 0 [1.(0%) = ¢(o®) — [, (c®
(1) = alug) — (ug) oty e(o™) = clo™) = (")
The elastic strain energy The complementary energy
1 1
a(u,) = 5 B (1) caltig)dS) c(o™) = 5 Clipeqo®Padd)
Q Q
The potential energy of the applied forces pa(mljng), “(mljng)) The work done through kinematic boundary conditions

[(ug) :/pa’uadﬂ—l— /t“uadF l,(0") = /J“b&aébdf
0,92

Q 0¢§2
14 € 63



Elasticity tensor £°““ and compliance tensor C.q

Isotropic material

Orthotropic block

(A, p — Lamé coefficients) 2

Eabcd _ )\gabgcd+ugacgbd+ug q

V A
ad _be

before deformation

CiArLET, P. G. (2005)
> MARES, T. (2006)

—.:| after deformation

Young modulus in the direction v/? Pe— =i >
oll P — ;
= — ! : Fonhy the stress
el : i foosd 11
1 = :  Rrarasas: o)
Poisson ratios : : Fri .
! ! R TEEEn = v
_ % _ 53 — s e g
Vig=—=—7, V3= —71 R
61 1 1
13 X &
Similarly in the direction of /2 el ot
22 2 2 5 e
o 9 5
Ep=—, vun=-% Vs=-7 4
E E E
2 2 2 . L
and of 13 33 3 2 Strain in the v* excited by all normal stresses
o €] €5 1, .2, .3
Fas=—, v33=—7%, Ug=—= €11 =€ T &1+ &
BT e’ 3 11 22 33
3 3 3 o o
21 €11 = 5 —Va—=— — Va1
2, g
Pure shear 2.5 7~ E1 FEo L33
—_ &
From the definition . . : .
€19 = Eo1 12 Similarly in the other directions (Gq3, G'3;)
the equilibrium equation 12 12
12 21 0 = = G2 (512 + 521)
o =0 & XE€i12 v
. 15 € 63
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Compliance tensor Clypeq

in Cartesian coordinate system ¢

alined with the principal material axes of the orthotropic material

[

€11 \

€12
€13
€21
€22
€23
€31

€32
€33 )

3

0
1
4G12

0

1
4G9

0

o O O O

0
0

1
4G 13

0

0

0

1
4G13

0
0

0 —& 0
1
yTEm 0 0
0 0 0
1
4G12 (1) 0
0 g 0
0 0 G
0 0 0
1
0 0 Gy
0~ 0
U v

v cd
Eab = C1abcal g

Cabcd — Ocdab — Cbacd

Y.
Energy

S
HOOOQ‘HOO

=
w

N
o @
@

0

CIARLET, P. G. (2005)
MARES, T. (2006)

0 _% \ ( 011 \
0 0 o1
0 0 013
0 0 021
(1) —% 022
G 0 023
0 0 031
1
0 032
4G23
1
0 o ) \ 033 )
R ng. .
Equilibrium

16 € 63



.. C . P. G. (2005
Elasticity tensor £20<d % % e MAREs, T, (2006

in Cartesian coordinate system v ij_ ijkl Y
by inversion of the previous expre}s/sion o _E gkjl
[(Qun 0 0 0 Pum 0 0 0 Pugy
0 Gio 0 G 0 0 0 0 0
0 0 G13 0 0 0 G13 0 0
0 0 0 0

v 0 G12 0 G12 0
{Ew’d} — (I)2211 0 O O (I)2222 0 0 O (I)2233
{ijlkl}

O O 0 O O G23 O G23 O
0 0 G13 0 0 0 G13 0 0
0 0 0 0 0 Gos 0 Gos 0
Jabed _ prbacd \ 3311 0 0 0 P332 O 0 0 P3333 )
1 — v3v39 V91 + Va3l/3q V31 + V3ala1
— E P — E P = b
D111 N 11, 1122 N 11, 1133 N 11
V12 + V13V32 1 — v13v3 V3o + V31112
= E P — E P — E
Door1 N 22, 922929 N 22, 2233 N 22
V13 + V1293 Vo3 + V21113 1 — vi9v9
D3314 N Es3,  ®3309 N 33, 3333 N 33

N=1- VioV91 — Vo3lVs3g — V31V13 — V12V9o3V31 — V13l32l/21

Energy (Eade 7 ECdab) = D199 = Pogy = Vo1 L1 = V12 F99, etc.

17 € 63



The problem MARES, T. (2009)
b bl

The thick-walled elliptic tube coiled with an angle «

loaded with Force F' and clamped as seen at Fig.

/L

/
)

22 € 63



Used coordinate systems MRS, T. (2006)

b* — Cartesian coordinate system

x® — Elliptic coordinate system

£* — Local Cartesian coordinate s.
v* — Main c. s. of the local orthotropy

= J(zt, 2?)
Y= 7(3717 2)
3 : b
€T & 0,6] 7 A 11 Ael gab— 5&6
vb2 52‘ v H 5 13
- Jab= 5ab
« v
Jab= 5ab
b' = (a + zt) cos 2 =
0> = (b+ ') sin 2 A2
b3 = 3
53,, AV3

23 € 63



Metric tensor for integration MaRES, T. (2006)

2 1 qiny o2
¢ Aard Py cosz® —(a+az')sinz® 0
gﬁb: b 0b 8. i sinz?  (b+2')cosz® 0
Ox® Ox? ‘ 0 0 L) s
1 (b — a) sin z? cos 22 0
Jgaw= | (b—a)sina®cosz? (a+ 2")?sin®2?+ (b+ 2")%cos?2? 0
0 0 1
Lo ) x a b c d v
Elasticity tensor transformation fpabed_ 0" 0 0x° 02" iy
oVt Qvi Ovk ot
a a c d o
ox _ ox® Ob° O¢ 0xe (b 1 )
ovb  9Jbe 9 Jvb o~ \ 9 -
| (b+ z')cosz? (a+ x')sinz? 0
ypImr — sin 2? cos 1 0
GRS L L 0 0 asin® 22 + bcos? 22 4 2!
e C.OS Y4 —sinyg 0 o 1 0 0
585 = sinys cosys O 0 0 cosa —sina
§ 0 0 1 Y 0 sina cosa

24 €63



Normal to the ellipse = 4

d = \/(a + 21)2sin? 22 4 (b + 21)2 cos? a2

0
Normal, n L oa?
b? —b;
nt — t 7 n? — t
V(64) + (07)? V(61)? + (b7)?
Angle v4 consequently
b+ ! 0
COS Y4 = y COS &
. a+azt .,
SNy = d S111 U

25 €63



Total potential energy of the tube Doveaer D e 11 (oso)
)

CIARLET, P. G. (2005

Principle of the total potential energy minimum 1 GNU MAXIMA gama.mac
U, = arg min I1(u,) Eab= §(Vaub + Va)
upelU

The real state of a deformed body minimizes the total potential energy

_ _ TC
(on a set of admissible states, U) vaub T aaub FOLbuC

M(uy) = a(uy) — L) Christoffel symbol of the 274 kind
a - a a
1
: . d d
The elastic strain energy Fab — 9 C§(gac,b + 9eb,a — gab,c)
1
bed
a(ua) - A B gab(ua)gcd(ua)dg In c.s.x:
2 a — b) cos x2 sin 22
0 Fi2 - F%1 =
— 2.2 1 o1
The potential energy of the applied forces p”(25), t%(-25)) (b—a)cos?a® + ' +a
1
[(u,) = “U,dS) tu,dIl’ 2 —T2 —
( a) P Ua + a 12 21 (b—a)cos?z?2+ 2l +a
& ot 1 x x x
T 12 o o1
Eab=— = 0 Uy —I—(?bu —21%u Tl :_(a:) +z(at+b)+ab
2 2 ( ! ¢ ab C) 22 (b—a)cos?z?+ ! +a
c 11 Z 2 Zz 3 Zz
ab Ue= Fab Uy +Fab U +Fab u3 e _ (a — b) cos z? sin 22
2 (b—a)cos2x2 + 2l 4a
1 0 (a — b) cos 2% sin z? 0 . 0 1 0
I, == | (a—b)cosa?sinaz® —((x')?+ z'(a+b) +ab) 0 2, == 1 (a—b)cosz?sinz? 0 Top =0
J 0 0 0 J 0 0 0

J=(b—a)cos’z® +z' +a

26 € 63



MARES, T. (2006)

The solution is sought in the form of Fourier series GNU OGmavs energy o
Boundary condition . K . oy .
—0: =0 =y a]matelUr ) e o)
ug_ 0, u3_ 0 jkm=—K
The potential energy of the F K
P I &Y %L _ 2 : agkmx?)ez( 12”—|—ka: +ma3 QE ) T
l(ua) = § 53 d.S 2 - o 2 u?): Z as gp
IR, Mm=—
S
BC fulﬁlled( ) gn up=2a2e (¢ =179), pa
i[l X Zalgm] Y ay ik Zal(gpim%ﬂ—l—gb)
da (9(@—[) Py — ZCLz%OZ]QTW Yiag pik Za2(¢im§7ﬂ+¢)
8@{’2’” = 0, 9 =0 Yazpij Yaspik Zaz(pimif + )
1 Transformati
2 Effbcd 0x® 0xb 0x¢ Oz Ewkl
Q
ovt Ovi Ovk ov!
Ea,bcd A Ebacd s xr o £ ¢ L : i )
= Eab— Og Up — L U is performed in GNU OCTAVE syntax simply
1 N N 1 Xxnu=xb*bxi*xinu
a=3 / (8 Uy — ) E“’”d (c’)c Ug — Fﬁduz?) gup| - d®z Ex=kron (xnu,xnu)*Enu*kron (xnu’,xnu’)
27 € 63
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MARES, T. (2006)

Denvat'VeS We h 1 GNU OCTAVE energy.m
Ol oa € nave cnosen
ou u, a x 2 : jkm _jkm
1,2 Uy 2= ai o 903 : o127 .2 . 327
; gngm _ x3€z]x = . ezkac . emaT”
jakam:_K o

v GNU OCTAVE

j=(-3:1:3); k=(-3:1:3); m=(-3:1:3);

Uy phi=x3*kron (kron(exp (i*j*x1*2*pi/t) ,exp(i*k*x2)) ,exp(i*m*x3*2*pi/ell))
52 —ux=[phi,zeros(1,686) ;zeros(1,343) ,phi,zeros(1,343) ;zeros(1,686) ,phi]*A

Us A is a vector of coefficients

0 i, — B*A
Oxb N
ab|

B=[1*2*pi/t*phi.*kron(kron(j, jedna), jedna),zeros(1,343),zeros(1,343);
i*phi.*kron(kron(jedna,k), jedna) ,zeros(1,343),zeros(1,343);
i*2*pi/ell*phi.x*kron(kron(jedna, jedna) ,m)+¢*ones(1,343),zeros(1,686);
zeros(1,343) ,i*2xpi/t*phi.*kron(kron(j, jedna), jedna) ,zeros(1,343);

zeros (1,343) ,i*phi.*kron(kron(jedna,m), jedna) ,zeros(1,343);

zeros(1,343) ,i*2%pi/ell*phi.*kron(kron(je,je) ,m)+p*ones(1,343),zeros(1,343);
zeros (1,343) ,zeros(1,343) ,i*2*pi/t*phi.*kron(kron(j, jedna), jedna) ;
zeros(1,343) ,zeros(1,343),i*phi.x*kron(kron(jedna,k),jedna);

zeros (1,686) ,i*2*pi/ell*phi.*kron(kron(jedna, jedna) ,m)+p*ones(1,343)]

28 € 63



Integration of the elastic energy GNU o anevey m

c T 11 7 2 T 3 Z
ab Ue= Fab Uy —|_Fab Ug —|_Fab us

{r@bip} ::{Iﬁb}dﬁ*[phi,zeros(1,686)]*A+—
abf %—{Iﬁb}dﬁ*[zeros(1,343),phi,zeros(1,343)]*A
(0t — T7,1,) = (B-Gam) xA
J=(b-a)*(cos(x2))**2+x1+a
G1=1/J%[0, (a-b) *cos (x2) *sin(x2),0;
(a-b)*cos(x2)*sin(x2) ,-((x1)**2+x1*(a+b)+axb),0;0,0,0]
G2=1/J%[0,1,0;1, (a-b)*cos(x2)*sin(x2),0;0,0,0]
Gam=vec (G1’)*[phi,zeros(1,686)]+vec(G2’)*[zeros(1,343) ,phi,zeros(1,343)]

Elasticity energy

1
a=—AKA
9

Stiffness matrix
2wt

¢
K:///(B—Gam)’*EX*(B—Gam)*sqrt(det(gx))dxldx2dx3
=0 ° gx=(xbkk (1)) ? #xbkx (-1)

Integrand is expressed in GNU OCTAVE, integrate it numerically (energy.m)
29 € 63



MARES, T. (2006), GNU OCTAVE energy.m

The equation, right hand side and solution

oa Ol oa
0A ~ 0A zTA_KA

/—UgdS

2wt
l—//—[zeros(l 343) ,zeros(1,343) ,phil*
*sqrt (det (gx))dz'dz® *A

KA=P

zeros (363)

ol zeros (363)
P=—= 2wt

& [ [ £phi’*sqrt(det(gx))dz'da?
00

xl=...; x2=...; X3=...

A=K#** (-1) %P

phi=x3*kron (kron(exp(i*j*x1*2*pi/t),
ux=real ([phi,zeros(1l,siz),zeros(1l,...
xb=1/(ax(sin(x2) ) **2+b* (cos(x2) ) **2+. ..
ub=xb*ux




Gray, H. (1918)

Deformation analysis of the Intervertebral disk

Lumbar

3 €63



GRAY, H. (1918)
MARES, T. (2007)
Nucleus pulposus
loose fibres suspended in a protein gel
poroelastic tissue

Annulus fibrosus
layers of fibrocartilage

Collagen fibres

O
S Elastic lamella
30°
Anterior coslolransverse
/ ligament divided
IaPy%rroelastic Ligament of the neck A
o Ligament of the Synovial cavit

\ 60 tubercle e ¥
\

L' =

L I
Ariicular capsule

Y : : i ikl v Viscoelastic model > %°
Elastic locally orthotropic: o’l=E""¢y 6
X
S
NI
$
7
» turn
6
3
X
o
0

ikl
{ij[kl} e 63



Viscoelastic model

Three element Zener model

Es
Ey

13

EE,
3

E
('7+n—20:(E1+E2)5'+
3

E

é_ab _l_AadeO_cd

ab ab cd
o = U™ A,

SOBOTKA, Z. (1981)
MARES, T. (2007)

Poynting- Thompson model

a (t71)
Ey spring
b (Pa)
oc+aoc=0b+de d (Pa-t™)
Ey ns ||| dashpot
1D—3D
E E FE
b AR e 22,
73 N3
Y

abed - abed
= B Ecd T D €ed

¢® — a constant tensor

ab ab ab ab ab cd __ gacgbh
ISOtrOpIC U cd — ({Ml }ab[ ’ {MZ }ab[ A {MQ }ab[>ab]'cd1 U cdu kl — 5k5l
ab __ ab a b a b A, M — eigenvalue problem: (—A®_, — \§%65) M =0
AT = 019" Gea + a2 <5c5d + 5d5c> . | A% . ? b
OCTAVE, MAXIMA: eigenvalue and eigenvector of the matrix {—Aa Cd}ab[cd
abed __ ab cd ac bd ad bc Mt -nt
B = Big" g + By (99" + g"'g") ( ) . ( |
A ed — : : , L ed — : :
abed ab cd ac bd ad _bc 0 et 0 L et
D™ = 51g"g" + 75 (g"°g" + 9"'9") o o

5 €63



MARES & DANIEL (2006)

' My ~ 2.7Nm
Geometrical model N 9950 NlmF

g ~ b b
wﬁﬁ;ﬂ;wﬂmi vertebra > VS E 100N u=uf +abt + b
T _ . n _ | a’a” =1
' model > intervertebral disk £ |© deformation > | goge — 1
.20 | =
p B D=
& 'bl | |
vertebra _—
2 u =
S L,
A 5‘ : v ,n A 53‘
a==30 5
= 14
g % Vi~100N /
E £
o~ @©
D 5 1 3
3 8 bl
|| LIU xl = ]_
7 al=0 /
S — sagittal diameter 51 Vl\ 52
S =27~ 45mm . . ’a VQ
Epicycloid  (definition of c.s.27)
bt = 2r xt cos 2? — dxt cos 222
b’ = 2r,x' sinx® — d,x' sin 22°
b = 3 ) L, S+ shape = r;,ry, d;, d,
0<zx <1 .
aba 2r, cosx® — d, cos 2%  2d,x'sin22? — 2r,atsinz? 0 — 5 number of lamellas: 20
— — | 2rysina® —d,sin2z* 2r,aztcosa® — 2d,at cos22* 0 — bx 0< 2" <27 Azl =0.05
axb 0 0 1 0 S £U3 S h
—1
o (N .o 5
ot~ \ ogb <t 9ab= o e b Ied= bx'bx -
€



Elasticity tensor of the lamellas

0x® Oxb Ox¢ Ozt V¥

x
Eabcd_ E’L]kl

— Ovt Ovd Ovk Ot
dz*  Ox° b O¢e
oVt Obb O€e Ovt

dz* ([ Ob" !
onb  \ Oxb

GNU OCTAVE
xnu=xb*bxi*xinu
Ex=kron (xnu, xnu) *Enuxkron (xnu’ ,xnu’)

a nt n? 0 a nt —n? 0
b ’ b
db 0 0 1 08 0 0 1

MARES 2007
GNU OCTAVE *.m

1 0 0
0O cosa sin«
0 —sina cosa

Normal n = (nl, n?, O)

! b;
n =
V(01 + (b7)?
) —b;
n =

VOT+ B2 kde =2
Nl

vE N = 27’yx1 cosz? — Qdyxl cos 22>
N? . .
R N? = 21,2t sin 2? — 2d, 2! sin 222

d= VNP + (V)

7€63



Computational models

1. Small deformations, elastic nucleus pulposus

Isotropic elastic Nucleus pulposus (soft, incompressible)

oo = A9+ g g + nge™

2. Small deformations, viscoelastic nucleus pulposus

Isotropic viscoelastic Nucleus pulposus

O-_ab _|_AadeO_cd _ Badeécd—l_ Dabcdgcd

3. Large deformations, elastic nucleus pulposus
2F ., = Vup, + Vyu, + V,uViyu,
Bl = A" + ng*g" + pg™g™

4. Large deformations, viscoelastic nucleus pulposus
2E ., = Vup + Vyu, + V,uVyu,
Nucleus: £ 4 A% 3l = pebed 5, 4 Dol

MARES 2007

Minimum 11

Galerkin method, base (BC)

Vaa“b = O, 26‘@5. = Vaul? -+ Vbua
f(o®, gab g gab) = ()

Minimum II

Galerkin method, base (BC)
V2% =0

8 €63



I 1 SYNGE, J. L. and SCHILD, A. (1978)
1. Small deformations, elastic nucleus pulposus D S e 11 (1o,
(

CI1ArLET, P. G. (2005

Principle of the total potential energy minimum 1 GNU MAXIMA *.mac
U, = arg min I1(u,) Eab= §(Vaub + Vyu,)
Up €

The real state of a deformed body minimizes the total

— —I¢
potential energy (on a set of admissible states, ) vaub 6aub abUc

M(uy) = aug) — 1(u,) Christoffel symbol of the 2°¢ kind
a - a a
. . d dc 1
The elastic strain energy Fab =g §(gac,b -+ 9eb,a — gab,c)
1
L abed
a(u,) = B B 4 (Uq )€ ca(Uq ) dS2 T 1 T T .
J Eab= 5((‘% up +0 Uy —2 T u,)
The potential energy of the applied forces pa(mlfng), t“(mig))
c ¥ 1 F 2 Z 3 Z
() = / PuadS) + / 19, dT Fap te= Lap 1y 12 1, U
a - a a
Q 02
In the Coordinate System T: Fl 74 (Qdmry -+ 4dy7“z) sin LE2 sin 21’2 + (4dm7“y + 2dy7“x) COS $2 COS 23)’2 — QTITy — 4dmdy ,Qj'l
22 (2d,ry + dyry) sin 22 sin 222 + (d,ry, + 2d,r,) cos 22 cos 222 — 2r,r, — d,d,
F%2 = 31 - 2o 3d, T, cos 2% sin 222 — 3dr, sin x? cos 222
2\ (2d,ry + dyry) sin 22 sin 222 + (d,ry, + 2d,7,) cos x? cos 222 — 2r,r, — d,d,
0 0 0 0 T2, 0
lexb - 0 F52 0 FCQLb = F%l F§2 0 Fib =0
0O 0 O 0 0 O

9 €63



Fourier series expansion

oo oo
T : 1 ;7.2 . Tmx
Ug= SJ SJ Uk (eﬂ”km e gt 1) sin +

k,=—ocom=1

where

xh a bb

@ Oxo

u

X
Ug,= ux=N*U

x

w,

BC

h

MARES 2007

b
Uy=uf +ab + 7

Small deformation: ¢1, 9, 03 — 0

The upper vertebra moves as a rigid body
b
h.
Uy - u'=u8 — b*ps
b

h o 1
122 =uy + b 3

. . b
U — unknown coefficients of the F.series =43 —bly, + b?p,

GNU OCTAVE
B=B(x1,x2,x3)

B=kron(kron(e.” (i*xk*2xpi*x1) ,xl1*e.” (i*1*x2)+1),sin(pi*m*x3/h))

1 — rotation around axis b
5 — rotation around axis b?
(3 — rotation around axis b?
u® — displacement of the point b2 = 0,6° = h

bc=[0,0,-b(2); 0,0,b(1); b(2),-b(1),0];
N=[[B,zeros(1,K),zeros(1,K); zeros(1,K),B,zeros(1,K);

zeros(1,K) ,zeros(1,K),B],bx*x3/h,bx*bc*x3/h]; ## size(U)=3*xK+6




1 CIARLET, P. G. (2005)
EIaStIC energy LovELOCK, D. and RuND, H. (1989)

GNU OCTAVE *.m
GNU MAXIMA *.mac

1
1 —_
a(ua> — 5 /Eadegab(ua>5cd(ua)dQ Cab™ §(vaub + Vbua)

Q

C
Vaup = Oqup — I'ypue
abed bacd xr L c ¥
EYY = F = Eap—> Oy Up — 15 U,

1 x z z\ |z |2
a = 2 / <8 Uy — > E b d ((96 Ug — ngup) Gab d3£l§'
xr
N {8a Ub} = DG*U
b
ab] DG... GNU OCTAVE *.m
1 { z
' } — GammaxU
a = — U?*K*U b U
2 Gamma=vec (G1’)*N(1, :)+vec(G2’)*N(2, :)
G1={T";,}. " G2={I,} b
numerical integration
1 27 h
1
a= §U’>|< /// (DG(x)" — Gamma(x)') * Ex(x) * (DG(x) — Gamma(x)) * sqrt(det(gx(x)))da'dz*da**U
00 0

11 € 63



nght hand side GNU OCTAVE *.m

MaRregs, T. (2007)

U
o) = [ puad+ [ tudr 5
0 ERY) 1&
U= b2
| = F*U "
2
F=[zeros(3*K,1);Vs;V1l;-N;M1;Mf;Mr] \ o )
¥3

Necessary condition of minimum

oLl
" 1
IV = §U’*K*U—F*U

KxU=F U,= ux=real (N(x)*U)
1
U=K""*F b 6Q7b x
Ug= u
abr "

ub=xb’ *ux

12 € 63



e

)

o)

N




(- — — %
= =5 R N
ol =
n
m
[ae]
<
= 7
. (ap)]
/!
Y T/||\\|
n
o
—
)
0
o
A
= RS 2N

(X




N

erk




MARES (2007)

16 € 63



()

00000000000




MARES (2007)

¥

b

e —— -
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!

b3

MARES (2007)

N =2250N
Mp = 2700 Nm

Vg = 100N
Mgr =0Nm
Vi, = 100N
My = 1700 Nm

—_—
v
S
w
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Cortical bone (compact bone), the shaft of a long bone, as a fibre composite

(GRAY, 1918)

Musculus piriformis
Musculus obturatorius internus

Musculus gluteus minimus

Musculus vastus lateralis

Thigh Bone
(Femur)

Is the longest
and strongest bone
of the human body

Right femur

Anterior surface

Musculus articularis genus —

Epicondylus lateralis femoris

Facies patellaris femoris

Condylus lateralis femoris

Trochanter major

Musculus vastus intermedius

Caput femoris Caput

femoris

Fovea capitis femoris

Collum femoris
Fossa trochanterica —————

Tuberculum Crista intertrochanterica ——

Capsula articularis

~ Musculus quadratus femoris —
Linea intertrochanterica

Musculus psoas major
Musculus psoas major

Musculus iliacus

Corpus femoris
Musculus pectineus

R
Musculus adductor brevis —

Musculus adductor magnus ——

Musculus vastus medialis ——

Musculus adductor longus —

Arch for femoral vessels ——

(DORLAND, 1900-2003)

Trochanter major

——— Musculus glutaeus medius

Musculus obturatorius externus

Capsula articularis

~__— Musculus gluteeus maximus

Musculus vastus intermedius

Musculus vastus lateralis

Caput breve musculi bicipitis femoris

Right femur

Posterior surface

Caput mediale musculi gastrocnemii
Capsula articularis

Tuberculum adductorium femoris
Tuberculum adductorium femoris
Epicondylus medialis femoris

Epicondylus medialis femoris
Capsula articularis ——

Condylus medialis femoris ———
Condylus medialis femoris

A

Facies articularis ossium

Facies poplitea femoris

Musculus plantaris

 Caput laterale musculi gastrocnemii
|

Musculus popliteus

|
~ / Epicondylus lateralis femoris

— N Condylus lateralis femoris

- Fossa intercondylaris femoris

20 € 63



Internal structure of the right femur

Epiphysis
Metaphysis Substantia spongiosa ossium
Trigonum internum femoris
Substantia corticalis ossium
R Cavitas medullaris
| Endosteum
| Periosteum
Internal OP
circumferential lamellae & ‘
Diaphysis E \
Trabeculae A
Metaphysis
Growth plate — = A« R AN Compressive stress
Epiphysis Tensile stress

Substantia spongiosa ossium

(GrAY, 1918), (DORLAND, 1900—-2003)

Canalis nutricius
Haversian lamellae Osteon

Collagen fiber

f a long bone
D A\ Cement line

|4 Interstitial lamellae

Canalis nutricius

Canalis nutricius

Substantia corticalis ossium 21 € 63



There are several models of the cortical bone

amongst them the e e e 000
. . O
» homogeneous isotropic model o %ﬁ §§§ ggg 0 0 0
® homogeneous transversely isotrop 0 0 0 0 es O
S : e O 0 0 0 O
» homogeneous cylindrically othotropic . ! coe
(axis, 7, t)
€11 0] 0] 0] €12 0] 0 0] e13 \
0 Gio 0 Gi» O 0 0 0 0
0 0 G 0 0 0 G 0 0
[1] — (GOLDMANN, 2006) P 0 Gio 63 Gi» O 0 013 0 0
[2] — (ORrias, 2005) {gakl} e 662 8 8 8 682 GO 8 GO 683
[3] — (YooN, KaTz, 1976) {ijki} 0 0 G 0 0 5> Gis 5 o
[4] — (KATZ et al., 1984) O O 0 0 0 Gxa 0 G O )
[5] — (ASHMAN et al., 1984) ;s 0 0 0 e3 O 0 0 s
(6] — (RHO, 1996) _ o
7] — (TavLor ef al, 2002) | he average material characteristics of these models
[8] (BUSKIRK et al 1981) are determined eXperimenta”y mechanical, using acoustic waves)
[8] ?AHARJB% 1984) (ORfAS, 2005), (GOLDMANN, 2006)
[ ] ( AN ) The entl’leS Of the StlffneSS tensor [GPa] (dry/fresh bovine/human)
[GPa] [1] [2] 3] [4] 5] 6] [7] 18] [9] [0]
el 27.4+1.6 16.75+2.27 23.440.0031 21.24+£0.5 18.0 19.4+1.3 24.89 14.1 22 19.7
€2 30.3+£2.8 19.66+2.09 24.14+0.0035 21.0£1.4 20.2 20.0+£1.4 26.16 18.4 25 O 19.7
€33 34.1+£1.7 27.33+1.64 32.5+0.0044 29.0£1.0 27.6 30.9+£1.9 33.20 25.0 35.0 32.0
€44 9.3+ 0.9 6.224+0.31 8.7+0.0013 6.3+0.4 6.23 5.7+0.5 7.11 7.0 8.2 54
ess 7.0+ 0.4 5.65+0.53 6.94+0.0012 6.34+0.2 5.6 5.240.6 6.58 6.3 7.1 54
€66 6.94+ 0.5 4.64+0.43 7.24+0.0011 5.440.2 4.5 4.1+0.5 5.71 5.28 6.1 3.8
€12 9.1 9.1+0.0038 11.74£0.7 10.0 11.3£0.1 11.18 6.34 14.0 12.1
€13 8.3+5.3 9.1+0.0055 11.1+£0.8 10.1 12.54+0.1 13.59 484 15.8 12.6
€n3 8.5 9.24+0.0055 12.7£0.8 10.7 12.6+0.1 13.84 6.94 13.6 12.6

22 €63



Let us build up

a methodology of another model of cortical bone, say

Heterogeneous locally orthotropic model of cortical bone
(because of the locality of the othotropy the model is in essence anisotropic)

The basic unit of compact bone is
known as the osteon

The osteon consist of a number (4 to 20)

Haversian lamellae
Each of these lamellae is 3 to 7 microns thick
Clopton Havers (1650—1702), England

Osteon, the global coordinate systyem

Nanoindentation,

7
7
/
¥//"

Cortical bone and two of the osteons

Optical methods

23

The lamellae are composed of
collagen fibers that are winded under
an angle a changing from one lamella

to another lamella

Heterogeneous locally orthotropic model of cortical bone

23 € 63



Elasticity tensor £9°? in the c.s. of the local orthotropy s, . (2000)

in Cartesian coordinate system ¢

v
O_z]_Ew,]klgkl
(@1111 0 0 0 Py 0 0 0 ‘1)1133\
0 Gy 0 G2 0 0 0 0 0
0 0 G13 0 0 0 G13 0 0
0 0 0 0

, 0 Gp 0 Gp 0
{Eljkl} — (I)2211 0 O O (I)2222 0 0 O (I)2233
(i3 k1)

O O 0 O O G23 O G23 O
0 0 G13 0 0 0 G13 0 0
0 0 0 0 0 Gos 0 Gos 0
Jabed _ prbacd \ 3311 0 0 0 P332 O 0 0 P3333 )
1 — v9av Vot —+ VoalV Va1 ~+ Vaol
D111 = ]\?3 32Eu, D190 = = N23 o Ei, Oz = & N32 21E11
V1o + Vial/ 1 — vq3v Vaog + Va1l
Dooy1 = &= ng 32E22, Dogop = ]\;3 2 Eog,  Doaz3 = 2 N31 12E22
V13 + V19V Vo3 + VoV 1 — v9v
O35 = le s Es3, 3300 = = N21 o Es3, 3333 = ]\;2 2L Ess

N=1- VioV91 — Vo3lVs3g — V31V13 — V12V9o3V31 — V13l32l/21

Energy (Eade 7 ECdab) = D199 = Pogy = Vo1 L1 = V12 F99, etc.

24 €63



locally orthotropic material
Everything follows from the used coordinate systems
1. Local coordinate system of the orthotropy (v%)

2. Global coordinate system (z) that is common for the whole model

3. A sequence of working coordinates
The global transformation rule is given by

the sequence of transformation rules

z v
abed __ 0z 0z 1ijkl 0z° 024
L  Ovt Ovd L ovk vl

The principle of minimum
total potential energy

arg min II(u), kde

uc

U

[M(u) = a(u,u) — l(u)
a = [ewccadQ, l(u) = [ p'u; dQ+ [ t'u; dT
Q Q 0:9)

2
d?¢ The concept of local orthotropy is
very suitable for the detailed description of
(LovELOCK, 1989), (SYNGE, 1978), and (MARES, 2005) the bone behaviour 925 € 63

d§) = gib ’ dgﬁa dI' = hozB




The computational frames of one osteon lamella

dé‘Q Ak€3

Local c.s. £ of an infinitesimal

¢! = part of the lamella
SRS “ \
A 1
ro+ 2l = B} &l unfolded ply

52
& 5 1A\ // / b3

e osteon

(6] 63 1\
52
A sl
1 >
K% b do? fiber punder
A angle a

264

62 l

3 &

V A
\O‘/V

e’ \\
1/2

6bal computational coordinate system of the osteon

x* —/Coordinate system of the unfolded osteon lamgella

£ — Local Cartesian coordinate systerr
b* — GlobakCartesian coordinate system o

& lv W e
| de’ A
S Main material coordinate system v“
R of an unrolled
Cortical bone osteon lamella coordinate system infinitesimal part of the lamella

26 € 63



Via derivative of the relations between Metrics and Transformation rules

the coordinate systems we obtain a range 2 _ Bt a2
_ | 8bag b1 55¢ cos f3 —sing< 0
of transformation matrices == gng2 L 52 0
for the components O’ 0B°Ox’ 0 g 1
of the tensors and range of matrics
2 _glacinp2 1 0 O
CoS S
(LOVELOCK, 1989) ot -in gg 5[13 Colsn ;2 8 ozt 0 ro O
i , ;=

metrics  ds? =47, dz®dab =g, dB%dBY =g’y dbAdB® = §,,dbOdb

1 0 0
3 Ox€ox? Inversely, T ObC Ob° (51)2 )

Oah =YGab= 8§a8—€b ded from a known dab— @3xd56d — 0 o 0
metric we O 0 1
50 1 9 0 can obtain the
M 8 % C13 transformation rulﬁe_ i 8bd5 - 1 Cl) , 0
9ab= 55agas°cd = 0 (3 ) 0
O O 1
/0 1 O O
;= O cosapy Sinoay . . :
9¢ 0 —sina, COSsay, For the principal directions of

an locally orthotropic block N



Analysis of a cortical bone means analysis Assemblage of the osteons
of the assemblage of the osteons embedded in isotropic interstitial matrix

to subtract

u = arg minIl(u), kde II(u) = a(u,u) — l(u) to add
uc
2 B &)
a= [ e AU+, [ ewcE®,, dQ =", [ eapc e, dQ
Q Qyp 97,
(WASHIZU, 1975) [(u) = fpiui d€) + f tu; AT
Q 0,
812 1 o
dQY = |gwp| d°8, dI' = |hag| d°0

Then the procedure is a similar one
as in the previous examples

28 € 63



Residual stresses in blood vessels

b3:€3
*
: .
o
b2 ]
51 = 501 Ab2
& = o ¢
¢* = no’ : ‘
(] 5 o L ™ . bl
5 — D o mw — bl o h Q 63253
§7 Y T y 1 ﬁ k
o) 1 £ o
Eab: 5 b — b
1 — 62 0 0
o 1 I3 0 1
Ea= 5 <9ab - 9ab> - R e N (S M
0 0 1 —n?
1—62
£ 0o Do 7 1 ‘g 1—v20(£1)2 8
ab aga afb cd 9 ) ~2 ) 1_512

b3203

hO

HAHAHH

b2

\4

bl

B

DO

gb §bd ¢
Gab_ prabe Ecd:

£ ¢

£

£ ¢

3 3
<)\ gabgcd +,LL gacgbd +,LL gadgbc> Ecd

Ly ot ot S

ab__
o= 0ge &4

e Scd
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Shape analysis of lipid membranes

Ho-N*(CHj)s3

k=] choline
i,
: |
£ (0]
?OL phosphate [
s " O:P" (0]
B P
%3 glycerol (j\HQic‘HiCHQ
(=%

(0] (0]

Here | am interested in shape analysis of vesicles formed of lipid membrane ., .,
\ \

Two approaches were used: ol head T
| (‘,Hg (‘,H2
6. Statistical mechanical approach S R
CHy CH»
7. Classical mechanical approach ] e,
s 10 b L
:% - : (‘JHz ‘CH
iy \ \\  double bond
= CH, CH
E ‘CHZ \CH2
i ‘CHQ \CHQ
(‘3H2 \CH2
\ \

(K(K(K(K(K(K(K(KW(K(K(K(K(K(K Lipid membrane without inclusion EZ C%ZCHZ
LELTLL LI LI LS LY b

\ \

CHZ CH2

\ \
CH; CHj;

%3\ ff ipid membrane with inclusion
i@@@%@g J@? ? 0 Lipid membrane with inc

30 € 63



Stiffness maximization e, T 88823
ALLAIRE, G. (2002)
MARES, T. (2005)

Minimum work of external forces & Maximum stiffness
. . F?
min ' - u < min — < max k

F:k-u/(

win 1 = J(Ai, i) — (i) A (i) = (£,

1
= minll = —é(f,f&)

= argmin(f, %) = max minII

{E, 4} = arg max min I (u, E)

Ec uc
S
o Il = H(w,a)
I Necessary condition §T] Ol1
_— = O, - = 0
v ow oo

Alternative fulfilment of the necessary conditior)l/ etc. until convergence \
0
0. Choose a ka1

oIl & oIl
1. The elasticity problem (;u,a ) = 0 = w"" — 2. The opt. condition (g; ) =0 = a""!
w

w — Fourier series coefficients Saddle point impIies convergence




Stress variant of the stiffness maximization problem s, 1. (2000)

ALLAIRE, G. (2002)

{E, 4} = arg maxmin I (u, E)

Ec uc
1
II = - / Eijklgijgkl d€) — /pzuz d€) — / tzuz dsS
2 Q Q 02
045 = LijkIEkL . 1
1 {C,0} = argmin min = / Ciik10ii0k A2
Eij = §(ui,j -+ uj,i) Cec oc 2 0

— {O-ij | Oiji +p] =0 na ) A O-ijgj = tz na @Q}

Maximization under uncertain conditions

{C,t,0} = argmin maxmin/ Cijk10:0k dS2
9)

Ce te oc

— the set of possible loading states



The simplest (illustrating) problem of fibre composite stiffness maximization
MARES, T. (2009)

IE2:V2
Vl
/\a rotation around x?
o 0 0
x
g o= 0 0 0O
0 0 O
11 __
3 \ O =0
1/3
v v Vd
Eab=Clabea” L 0 0 0 - 0 0 0 -
F11 ! 1 Eoo Ess
0 &2z 0 5 0 0 0 0 0
0 0 & 0 0 0 &% 0 0
1 1
) 0 w2 0 &5 0 0 0 0 0
{Cabcd} | em2 00 0 0 A 0 0 0 -
{ablecd} 1 1 )
0 0 0 0 0 @ 0 = 0
0 0 &z 0 0 0 4z 0 0
0 0 0 0 0 F= 0 F= 0
Y0 0 0 - 0 0 0 @
: x x L x
min [ cdV ___ab cd__
a /v ¢ =0"Capeac"= 0 C1111 0

18 € 63



The transformation of the

x ovt Ovl Ovk ot v

compliance tensor and results Mares, T. (2009)

C1abcd: C; 1kl z z
b d 1] ) o X X
Ox® 0x? Ox¢ Ox oy cosa 0 —sina ¢ =0®C. 0= o Ch111 0
py = 0 1 0
Cx ot OvI OvF o1/ Cu t sina 0 cosa
W™ 501 92l 9zl Ozt~ IH cos”
0
COS (v sin «
0
Cii11= ( cos?a 0 cosasina 0 0 0 sinacosa 0 sina ) {Cabcd} 0
{ab[cd} 0
sin o cos «
0
1 . 1 V31 V13 ) 1 sin? o
c= o’ (0084 oO— + cos® asin® « ( — — —) + sin? a—)
11 Gis En  Es Fi33
dc
———0
Ja
cos® asin ady + cos asin® ady = 0 . T o2
a1 = £— with ¢ = —
1 V31 V13 2 2 E33
=G, B, En E ; - i
13 11 33 11 Qo = 0,7 with cg = —
A, — 2 +V31+V13 1 Fry
5 = _
By En Ess Gis A Ay
34 = arctan | &=/ ——
) A2

19 € 63



Stiffness maximization of plates Mangs, T (2006)

The elasticity problem Laminated multilayer Kirchhoff plates of symetric layout

abed ab
P%w.q = q

The necessary condition of optimum R (q,,) functions of the design parameters

«,, stands for the layer orientation
wabwcdRade(ozy) =0

wq, Fourier series expansion coefficients of the perpendicular displacement

g™ Fourier series expansion coefficients of the load

The alternative fulfilment of the necessary condition

o = —45°

Qg = 45°

Any permutation of the layout is possible

TC .
Square plate of four layers loaded by ¢ = ¢, sin — sin % 20 € 63
a



The layout maximizing the stiffness

MARES, T. (2006)
Rectangular plate (1:2) of six layers loaded by ¢ = g,xy
aX T aX T
v=1 a1 =0° v=1 ap = 14°
v=2 ag =0° v=2 ag = —20°
Yy v y v
v=3 | az=0° v=3 s = 14°
_ T . 0w
Rectangular plate (1:2) of six layers loaded by ¢ = ¢, sin — sin ?y
Any permutation of the layout is possible
Rectangular plate (1:2) of four layers loaded by ¢ = ¢,y
a® T . o s 2w 1. 2Ty
Square plate of six layers loaded by ¢ = ¢, sin <°* sin =~
aq ‘37
a1 = —45°
v=1 ap = —15° Sy ag = 45°
r =9 g = 45°
yv v=2 052:18 Yy r 5
The alternative fulfilment of the necessary condition
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The problem
The thick-walled elliptic tube coiled with an angle «

loaded with Force F' and clamped as seen at Fig.

The question is how to choose the angle o to maximi
xR0
b
U= 0

ze st

/
)

I
/
N

\ .

MARES, T. (2009)
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MARES, T. (2006), GNU OCTAVE energy.m

The equation, right hand side and solution

oa Ol oa
0A ~ 0A zTA_KA

/—UgdS

2wt
l—//—[zeros(l 343) ,zeros(1,343) ,phil*
*sqrt (det (gx))dz'dz® *A

KA=P

zeros (363)

ol zeros (363)
P=—= 2wt

& [ [ £phi’*sqrt(det(gx))dz'da?
00

xl=...; x2=...; X3=...

A=K#** (-1) %P

phi=x3*kron (kron(exp(i*j*x1*2*pi/t),
ux=real ([phi,zeros(1l,siz),zeros(1l,...
xb=1/(ax(sin(x2) ) **2+b* (cos(x2) ) **2+. ..
ub=xb*ux




Alternative fulfilment of the necessary condition of SM

0. Choose an angle «

1. The problem of elaticity as already solved
A=K'P

2. The stiffness maximum condition,

o . 1 ,0K
8—@ = O, .€., —A a—aA 0

t

¢ 2
:///(B Gam)’*—*(B -Gam) *sqrt (det (gx))d*x
0 0

%
Jda
OEx — 0 Eade
da Jda
abled

0 E“b"d 8£b Ox¢ 0x® Oz p 0x° Ox n Ox® Oxb &U L Ox® Ozt Jx° Eukl
o Ow ovk ovt Ot ‘7(?1/’“ ol vt Ovi a ol Ovi Ovi vk l

L0 {OT} 0 9b° O {agd}
oy = — =

da | v |~ Obc Ol o | OV

3.go to item 1

BENDs@E, M. P. (2003)
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The results of the problem

The optimum angle « for given loadings

For I3 aopy = 90°
For T apt = 0°
For 15 ap, = 45°

MARES, T. (2009)
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Thank you for your attention!
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