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Objectives of the course
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Nonlinear material
response

Typical example: Uniaxial tensile
test with vulcanized rubber
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Nominal stress [MPal]
=

(force/initial cross-section)

.

Stretch [-] (current length/initial length)
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Objectives of the course

Concepts of scalar, vector, and tensor quantities, basic operations
and properties

Kinematics of a deformation, deformation gradient and strain tensors

Concept of stress, stress measures defined in the reference and
deformed configuration

Nonlinear behavior of materials found in experiments (elastomers,
thermoplastics, resins, soft tissues)

Hyperelasticity, strain energy density models



Preliminary
mathematical notes

Scalars, vectors, tensors, mappings



Body

We have a body = construction, machine,
part,...

We adopt phenomenological approach.

The body is considered to be continuous set.

Molecules and atoms are indistinguishable

a

T

e

t our scale.

nhe scale is continuous and thus there are no

ementary particles like an atom or subatomic

particles.



Body

The body is embedded in the mathematical
(geometric) space

Instead of elementary particle we have
elementary mass dm distributed over elementary
volume dV given by infinitesimal length elements

dm= pdV = p-dx-dy-dz

Here P is the mass density [kgm™]



Body and geometric space

 We need a space where measurement of
lengths is possible:
(1) thus every point in the space will have
a position vector with 3 components
(2) thus we will have some origin
and coordinate axes

Every point is located by a position vector
expressed over some vector basis with
respect to a give origin.



Body and geometric space

o e Qur space is usual R?
so-called Euclidean space

 Recall concept of
* vector basis

e algebraic operations

e Coordinates

e and transformations




e Standard (Cartesian, orthonormal) basis in R?

1 0 0
e,=|0| e,=|1| e=|0
0 0 1
« Components of a vector
in the basis
1 0 0 U,

u=ue +u,e, +u.e, =u, [0 |+u,| 1|{+u,| 0 |=|u,
0 0 1 U,



e |Lets have a set of vectors V e |lets have uel AteR

for uve) vector addition multiplication by scalar
s defined as (scaling of a vector)

/u1_|_vl\ (Wl\ /ul\ (t.ul\ /Wl\
Uu+v=|U,+Vv, |[=|W, l=wep) tu=tju, [=|t-u, I=|W, |=we)V
\Us +V5 ) (W Us ) Ty ) (W,

r 0 t
. . —HHWWW-{ HHHHHHH )

- u—>
urv=w tu >
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Vectors

e Summation convention
Always sum over the index which
repeats one times in the expression

3 3
U= U8, +U,e, +Ue, =D Ug, :Xuiei = ue
i=1 =1

e Kronecker delta ¢,
replacement operator
1 for 1=]

0. = o 0, =3  O;Uu =U.
‘ for i#]j

é}jajk :é}k
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 Norm (length) of vector
and metrics (distance between points two pints)
..in Euclidean way

\u\:\/uf +UZ+ul
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* Dot product (scalar or inner) of two vectors u,vel

u-v=[u u, W]V, |=uV,=uVy, +u,v,+uy, =|ullvjcos(a)eR

u-v e Orthogonality

. Y
z Juf|v] of vectors

/

o

ulv = u-v=0_0



e Cross product (scalar or inner) of two vectors uyveV

€ € & (u2V3_u3V2\ (W1\
uxv=detiu U, U= UV,—-UV, [=|W, |=we)l

A A U A A VA B R A

W] =[ullv[sin(e)

uw=0 A v-w=0

14



Vectors

* Levi-Civita (permutation symbol) &;

1 for even permutation of ijk; (i, j.k)e{(123),(2,31),(312)}
&, =1 —1 for odd permutation of ijk; (i, j,k)e{(1,3,2),(2,13),(321)]
\ 0 otherwise; repeating indices

UxV =g, uv,e, =
= £;,U,V €, + 5;,U;V€, + &,U;V,€, =

gmu V) + & UV, + &3 U Vs + &5 ULV, + &5y ULV, + E5a UV + E51, UV + E55, ULV, + E55,U,V 3

@J 1V1 +@lez ""@ 3 +é@-‘z\ﬁ T AP +%912\/3 "‘@Js\ﬁ +§2}“3V2 T @3 3
1 0 -1 0

0 0
—U,V, )&, +( s)e +(uy, —u

2V ) €

D
w

D
w



Vector space V' =R’

* Vector (Linear) space Vis a set of vectors which

by definition can be added together and scaled
(multiplied by scalar)

set of vectors V = R3 forms a commutative group
set of scalars R creates field

4

(R3, +)[IR{, +,]
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Linear mappings of vector spaces

e LetV and WV be vector spaces over real numbers.

A map f: V — W is said to be linear
if forany U,v e Vandanyt e R

following conditions are satisfied:

o Additivity f(u+v)=f(u)+f(v)
e Homogeneity f(tu)=t-f(u)

e [fV=)Wandthusf:V — YV, fis said to be a linear transformation

or linear operator
17



Linear mappings of vector spaces

e Since V=R3and W =R?3

inear maps between vector spaces are represented by matrices
Letu € V

A)Y-)Y = AU=W

(AL A, A (W) (AU AU +AU ) (W)
Au=| A, A, AU, =] AU+ AU+ AU [=| W, [=we )l
\A31 A32 A33) \Us \Azlul + A32u2 T A33u3/ \\W;




Linear mappings of vector spaces

e Linear transformation A
Example

1
A=0
0

o L B
N O O
N,
-

I
>
I
7~ N\
X X X
w N
N,




3 3
C — B A e Cij — Z Bik Akj —_ Bik Akj C11 = B11A11 T B12'6‘21 + B13'6‘31 = ; BlkAkl
k=1

&
0o
98

B[ Ar A As

C 12
C21 C22 C23 = le Bzz st A21 Azz A23
C31 C32 C33 B31 B32 B33 A31 A%z A33

1
v v v

3
C23 = B21'6‘13 + Bzz A23 + B23'6‘33 = Z sz Ak3
k=1

3
C33 = B31A13 + Bsz A23 + B33'0‘33 = %BSk AkS
k=



Composition of linear mappings
= Matrix multiplication

* Dot product of matrices (composition of mappings)
is not commutative

C=BA=AB=C' C(u):BoA(u)zB(Agu)):B(xv):Z
@—;@ @/ \ C’(U)ZA°B(“):A(BEU))=,A(£V’)’=f’

21



Changes of the basis by a rotation

e e €-e €:-6e cos(e,,e;) cos(e,e,) cos(e,e,)
Q=|e,-e, e,-e, e,-e |=|cos(e,e) cos(e,e,) cos(e,,e,) e, :Qei
e,;-e €-e, e-e ) (cos(e,e) cos(e,e,) cos(e,e,)

cos(90°) cos(0°) cos(90°) 0 1 0

cos(45°) cos(90°) cos(135°)) (42 0 -142
cos(45°) cos(90°) cos(45°)} 12 0 142




Changes of the basis by a rotation

f * Q is orthogonal matrix
(orthogonal transformation)

Q' =Q°
QQ'=Q'Q=Q"'Q=QQ " =1
New  Old Qi =Qy°
basis basis

e, = Qe

23



Changes of coordinates by a rotation

* \ectors are transformed by QT, that is transpose of Q

/xl\
X

Y

(X,

New Old
basis basis
e. = Qe
New Old
coordinates coordinates
X =Q"'xX

X = QX

Note that Q'u gives Q;;u; = summation over non-neighboring indices



o Certainly, we did not explained all relevant concepts and
definitions

e |t was only brief introduction

e Ofther concepts like e.g. tensors will be explained ad hoc later

25



Kinematics
and measures of
deformation



Motion and configuration of a body

 We have a body and
forces act on the body
and thus
the body is in motion

 The motion means
that the body occupies
a continuous sequence
of geometrical regions

e This regions are referred to
as configurations

27



* A motion of the body
can be understand as a mapping

 Mapping between configurations é%[

4

TIN T m
——
——
N

é j

Non-deformed Deformed
configuration configuration



e Describe motion & describe mapping between configurations

o Configurations are embedded
in geometrical space R3




Motion equals to mapping

e Several ways to express that
position vector X changes to X
due to the motion f

f: X—>Xx

x=f(X)

) [ fu y
X |=| f,( ) |=
X3 f3( 3)

= £, (X, X0 X5 )& + £, (X0, X, X5 )8, + f5 (X1, X5, X5 )6,

1 2

X, X
X5, X
X, X

=
w

X
X
X

1 2
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Motion equals to mapping

* A mapping expressing the motion has to satisfy several conditions

e fis bijection (one-to-one correspondence)
e fis continuous
e f-1lexists and is also continuous

e Derivatives of f and f!
are also continuous




 We now clearly see that we are in continuum mechanics...

It is a part of big family of continuum (field) theories

But continuity may be so restrictive and
the theory can be modified

cracks
failure
shock waves

iy,

iy
|l|l|m"]llllllllIlII|IlIII]IlIII[IIIIiIIIlI.II.lII In
discontinuity

u
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One motion but two descriptions

* Quantities describing a motion can be expressed by using
material (reference, undeformed) coordinates or by
spatial (current, deformed) coordinates

 Material description uses {Ew = EB}
typical for solid mechanics

» Spatial description uses {el, 62,63}
typical for fluid mechanics

33



e Usually both referential and spatial
coordinate axes have
the same origin







X, X, +kX,
X, |=| X, |=(X,+kX,)e +X,e, + X,e,

36



Basic instrument used to treat functions

e Derivative can be used to find if a function is increasing/decreasing,
if the function have extremum or flection points...

f:R>R

x— f(x)

(%) lim f (% +h)—f(x)




Basic instrument used in f :R° > R

* In the multivariate calculus, the concept of derivative f:RﬁfIfX o= 1]
f(%) = lim— =
is extended to the form
of the directional or v, f(%)=lim f(X°+hV)_f(X°):vf(xo).v

h—0

simple partial derivative v, f(x,)=1im _

and gradient

of the function o ()| T8 | A6, A 0) ot ()

38



But our motion is f:R°® > R®

Gradient of  x=f(X)

Grad (x)=Grad ( f (X))

(@fl(xl,xz,x3) afl(X]_’Xz’X(g) Gfl(xl’XZ’X?))\

oX, oX, oX,
o, (X, X5, X5)  of, ( Xy, X, X5)  0f, (Xq, X5, X5)
oX, oX, oX .,

O, (X1, X5, X5) 8 (X, X5, X5)  0f, (X, Xy, X,)

X, oX, Xy,



But our motion is f:R°® > R®

o Gradient of x=f(X)

) (X0 X5 X5)
[le{fz(xl’xz’xﬂl
6) 06X, X,) (ox, X,

oX, OX,
OX,  OX,

oX, OX,
OX,  OX,

(X, X,




Local properties of a mapping

* Derivative, partial derivative, directional derivative, gradient,
all these quantities are evaluated at a point X,
They give local information about a mapping f

Neighborhood in the domain Neighborhood in the image
of the mapping of the mapping

/ _ i f()ﬂ)_f(xo)
f(?o) lim "

Point of interest

41



* Apply the concept of neighborhood

of a point on the mapping f
from reference
to deformed
configuration

f: X > X

-
-
-

42



Reference configuration
point P is located by X

and Q from infinitesimal
neighborhood by X + dX

Deformed configuration
point P is located by X

and Q from infinitesimal
neighborhood by X + dx

43



Deformation gradient F

 Basic and fundamental geometrical quantity to measure

deformation
 Deformation gradient F

fiR >R’ describes infinitesimal
change in f by considering
infinitesimal vectors dX and

dx
F:dX — dx

dx = FdX

44



Deformation gradient F

F=Grad (X)= -

F=Grad (x)=

ax

( oX,  OX,  OX \
oX, oOX, OX,
oX, OX,  OX,
oX, oX, O0X,
OX, OX, OX,

(O0X, OX, OX,)

|:iK o

dx.

ie{1,2,3}

dX, K e{1,2,3}

OX.

X,

i,Ke{1,2,3}



Deformation gradient F

CdX )
dX,

F:dX — dXx
dx = FdX
(%, o ox
i OX, OX, oX,
dx. |- OX, OX,  OX,
1l oX, aX, oX,
\CX3/
OX,  OX;  OX,
(X, X, X,

\dxs}

46



Second-order tensor

F:dX — dx
dx,e, +dx,e, +dx,e, =F{dX E, + dX,E, + dX,E, |

dx = FdX

 Fis linear mapping between two vector spaces
e Such a quantity is referred to as second-order tensor

e Second-order tensors are represented by matrices

 Fis so-called mixed tensor because vectors spaces for {dX} and
{dx} has to be mutually distinguished

47



Consider basis vectors

oX, E,

F:dX — dx
OX,€,
oX,E
dxlel 171
OX,€,
dx.e, |=
oX,E,;
dx,e,
OX,€,

OX,E,

dX,E,
dX,E,
dX ,E,

171

dX,E, + ———

X.E, +

dE+

MG gx E,

oX,E

OX, €
oX.E

OX,€

2 2

2dXE+

2 2

—dX,E, +

2 2

, Oxe,

373

OX. €

oX,.E

373

OX, e

#dX3E3

373

dX,E,

22_dX,E,

48



Consider basis vectors

OX, €,

8X

0%,
oX,
OX, OX

= dX, +
oX,

8x3 dxX, +
oX,

dX, +

OX

,,a)f?

/

gy, - P g

de
X

2

) +%dx3 = %
oX

—3dX3

s —dX, +
X oX

2

E){E'

1aXE >

/zE"

oX,

3

OX

3

OX, 6,

f/z
.E;%E-

oX

.A/SE

ax, +- 29 gx, +- % gx

2 3

OX,€, dX, + OX,€, dx, + 28 g
oX, oX, oX,
_ OX,€, dx, + b2 OX,€, ax, + etz OX,€, dx, |=
oX, oX, oX,
OX,€
s ax, + P x4 s gy
oX, oX, .
jel J{ﬁidx1 +aidx2 +aidxsje2 +£%dxl +
OX, X, X, OX,

OX

—2dX, +
oX

2

OX

—3 dX

oX,,

3}63



Consider basis vectors

aXlel aXlel leel a_xle E a_xle E
OX,E, oX,E, oX,E, ox, - oX, "7
o O0X,€,  OX,€,  OX,&, X, o E OXy o E
OX,E, OX,E, 0OX,E, ox, - X, © ¢
OX,€,  OX,4€, OX,€, % o E % e
OX,E, OX,E, 0OX,E, ox, =t oX, °?
_ (el®E1)+a—X1(el®E2)+a—X1 X
OX, OX OX, OX,
OX, OX OX

+ e, QE.)+—(e,®E, )+—3
(e; ® ) oX (e, ®F,) 0 oX

3

1




Consider basis vectors

0 0 OX OX
(el®El)+8))((1 (91®E2)+87X1(91®E3)+572(62®El)+ 2

1 2 3 1 2

Fo %

~ (e, ®E, )+

OX OX OX OX
= (e, ® E3)+673(e3 ®F,)+—*

3 1 2 3

F=F,(e, ®E,)+F,(e,®E,)+F,(e,®E,)+F, (e, ®E,)+F,, (e, ®E, ) +
+F23(e2 ® E3)+ Fgl(e3 ® E1)+ F32(93 ® E2)+ F33(e3 ® E3)



Once more some notes on tensors

* Second-order tensors are linear mappings of vector spaces

e Can be mixed or simple/regular

A:V(E, E, E,)—> V(E,E,E,) A=A E ®E,

F:V(E,E, E,) = W(e,e,e,) F=F.E ®E,



Once more some notes on tensors

All properties arise from vector properties...
..are given ,by components”

e Tensor (dyadic) product of two vectors is the dyad u®v

( l"Il \ ( Vl \ ( ulvl u1V2 u1V3 \

(U®V)ij = UV, U, |®v, |=|uy, uwv, uyv, Aj = UV

\U3) \ng \U3V1 U3V2 U3V3/

53



Once more some notes on tensors

 Dyads of basis vectors can define tensor basis

1 0 0) 0 0 0)
e,®e, =0 0 0},..e®e,={0 0 O
\O 0 0/ \O 0 1)
(A, A, A
A = A21 Azz A23 :A&lel®el+pﬁzel®ez+"'+Azsez®e3+A3393®es:
KAM A32 A33/
(1 0 0 (0 1 0) (0 0 0 (0 0 0)

=A,|0 0 O|+A,[0 O O|+-+A_,/0 0 O[+A,/0 0 O
000/ (000 010 (00 1,




Once more some notes on tensors

e Let A, B, C be second-order tensorsand t € R
then

A+B=C A +B, =C,

t-A=C t-A =C,

3
L _ Inner product (double dot product,
A:B=) AB =4B, P P

! analog to scalar product of vectors)

55



Once more some notes on tensors

e Let A, B, C be second-order tensors, the dot product of tensors or
composition of tensors (composition of linear transformations) is

defined as ..similarly to matrix multiplication
3
AB=C C;‘j = zAiABAj = AikB]g'
k=1 \
(UBV)(x®y)=(v-x)(U®Y)=(u®y)(v-X) v X=Z3:vkxk =V, X,

56



Once more some notes on tensors

e |nverse tensor Al and unit tensor |

AAT=A"A=1 |, =8, where & =1 if i=] otherwise &;=0
o 3 Ar Ay Ay

Troce tr(A) of‘ a tensor A tr(A)=S"A = A, A A A

is a function given by -1 A, A, A,

* Transpose A' of A satisfies relations

(u®v)T=v®u v-(Au)zu-(ATv) Au=uA’



0.5X.,e, +0.5X,e, +2X,e,

]

0.5X,
05X,

N

X
X

f:l—)l

o o «
O%O
%00
N,

I

Y N\

X s X<

SIS SIS 8|8

SIS SIS S8

xlixl xZiX,l X3iX1

Q@ @@ ©|©

N _/

[l
LL
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f:l_>x X2 = X2 :()(1_|_k)(2)el_|_)(Zez_|_>(3e3
X, X,

([ ox,
X,
OX,
oX,
OX,

X,

oX,
OX,
oX,
OX,
oX,

oX,
OX,
oX,
OX,
oX,
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F is not symmetric

™ x %

' X, X,

3L F= OX, X,
o, oX, oX,

" OX, OX,

) oX,  oX,

Polar decomposition
..such R, U, v always exist

They are unique

0X,
oX,

OX,
oX,
OX,
oX,

o o =

theorem

U and Vv are symmetric positive

definite

R is proper orthogonal (rotation)

F=RU=VR

FiK — RiJU IK

=V. R

im" "mK
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Polar decomposition: route to deformation




Polar decomposition: route to deformation

e Right Cauchy-Green deformation tensor C =F'F
C=F F=(RU) RU=U"R"TRU=UR™RU=UIU = U?

e Left Cauchy-Creen deformation tensor b=FF' =v*

e Green (Lagrange) deformation tensor E=3(C-1)

e Almansi (Euler) deformation tensor € :%(I_b_l)

* Logarithmic (Hencky) deformation tensor  In(U)



F.E ®e
C=F' F= F,E, ®e,
FL.E, ®¢€

C is symmetric

F,.E ®e, F,E®e \((Fe®E Fe®E, F.®E,
F,E,®e, F,E,®e¢, ||Fe®E F, ®E, F, QF,;|=
F.E, ®e, F,E,®e, J\Fe,OE ke, ®E, F,e &E,

F.F.(E, ®e ) (e, ®E, )+ F,F, (E, ®¢,)-(e, ®E, )+ F,F;, (E, ®e,)- (e, ®E, ) =

C.. ~
" = I:11|:11E1 ® El+ I:21|:21E1 ® E1+ I:31|:31E1 ® El :(F11F11+ I:21|:21 + F31F31) El ® El
) F.F, (E,®e)-(e, ®E,)+F,F,(E ®¢,)-(e, ®E, )+ F,,F, (E, ®¢,)- (e, ®E, ) =
N = |:11|:12 El ® E2 + I:21|:22 El ® E2 + I:31I:32 El ® E2 = (F11F12 + |:21I:22 + F31F32) El ® E2
c, F.Fi(E,®e)-(e, ®E,)+F,F, (E,®¢,)-(e, ®E, )+ F,F, (E, ®¢,)-(e, ®E, ) =

= F12 FllEZ ® El + I:22 F21E2 ® El + F32 I:31E2 ® El = (F12 Fll + F22 |:21 + F32 F31) E2 ® El

Fl?. + I:221 + F?fl Fll F12 + I:21 |:22 + F31 F32 Fll F13 + |:21 F23 + I:31 F33
= I:11 I:12 + |:21 |:22 + F31 I:32 Flg + |:222 + F322 I:12 |:13 + |:22 F23 + F32 F33 =
Fll F13 + F21 F23 + I:31 F33 F12 F13 + F22 F23 + F32 F33 Fliz% + FZ?% + F323

=(F+Fi+F)E, ®F, +(F)+F; +F5)E,®F, +
+(F1§ +F2+ F323) E,®E, +2(F,F, +F,F, +F,F,)E, ®E, +
+2(F,Fy + FFp + FyuFy )E, ® B, + 2( Ry Ry + FpyFps + Ry JE,® E, =C 63



Fe QF F,e QFE, [F.,eQF, \(F,E®e FEQ®e I,EQe,
b=FF =|F e ®FE, F,e,®FE, F,e,®F, || F,E,®¢ F,E,®e, F,E, ®ce,
F;ile3 ®E1 F;%263 ®E2 F;%3e3 ®E3 E3E3 ®el F23E3 ®62 F;BES ®€3
b, = FllFll(el ® El)-(El ®el)+ F,F, (el ® Ez)-(Ez ®el)+ F13F13(e1 ® E3)-(E3 ®e1) =
= Fll |:llel ® e1 + I:12 I:12e1 ® e1 + Fl3 I:13el ® el = (Fll Fll + F12 F12 + F13 FlS)el ® el

@)
=
-'(l_) b, = F11F21(e1 ® El)-(El ®e2)+ F,F, (el ® EZ)-(E2 ®e2)+ F.F, (e1 ® E3)-(E3 ®e2) =
E = Fll FZlel ®e2 + F12 FZZel ® eZ + F13 F23el ® e2 = (Fll F21 + FlZ F22 + F13 F23)e1 ®e2
. b, = F,F. (6, ®E,)-(E, ®¢, )+ F,F, (6, O, )-(E, ®¢, )+ F,iF, (e, O E,)-(E, ®e, ) =
0(2 - F21 FlleZ ® el + F22 F12e2 ®el + F23 Fl3e2 ®el = (F21 Fll + FlZ F22 + Fl3 F23)e2 ® el
O
o

=(Fi+F3+F3)e, ®e +(Fi+F5 +Fi)e, ®e, +(FL+ F) +Ff e, ®e, +2(F,Fy + F,F), + FyFyp e, ®e,
+2(F21F31 + |:22|:32 + F23F33)e2 ®e3 +2(F11F31 + F12F32 + F13F33)e3 ®el — b
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Eigenvalues and eigenvectors

e Tensors U and v (and C and b) have the same

eigenv0|ues ﬂ/i (Clnd iiz) | :1,2,3 Eigenvalue problem
Au=Au
o A is referred to as principal stretch (A= A1)u=0
det(A-A1)=0

e Tensors U and C (and V and b) have the same
eigenvectors N, (and n)) 1,1 =1,2,3

* |t results in so-called spectral decomposition

20 0 20 0
C=|0 A 0 |=A"N,ON,+ VN, ®N,+ AN, ®N,=n®n +1n,®n, +An,®n, = 0 1> 0 |=b
0 0 A 0 0 A2
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Eigenvalue problem and invariants

Au = Au {P+tuteR}
det(A—-41)=0 L =tr(A)=4 + 4, + 4,
1 2
L ==((tr(A)) =tr(A?)|=4 4, + A4 + L4,
=1L+ 1L,A-1,=0 2(( ()~ ))

l, =det(A) =1, 4,1,

- =tr(C)=A4"+ 4, + 43

1S = %((tr(C))z —tr(Cz)) = APA2+ AP0+ A2
|7 =det(C)=A"4 4, )



Eigenvalues and eigenvectors

3 1 V3 1
:(%—1}&{@—5)& -5 1 @—5 0
1 3 F=| 341 £+1 0
:(\/§+—jxl+ “+11X, 2 2
2 0 0o 1
_ X,
. 1 20 cos(30°) —sin(30°) 0)(1 2 O
=RU = 5 02 1 0|=|sin(30°) cos(30°) 02 1 O
0 0 1 0 0 1 0 0 110 0 1
A =3
/IZU =1




Linearization = connection classical elasticity

e Displacement vector U Iy —F X
I Reference I I Deformed ‘
configuration configuration
U=x=-X onyb e 0) )
v, U :8U _ OX _8X _E
oX oOX oX

F=V,U+I
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Linearization = connection classical elasticity

* As aconsequence of U=x-X = F=1+V U

we have

E:%(FTF—I):%((I v,U) (I +vxu)—|)=%((|T +(VU) (1 +vxu)—|):

%(ITI +V, U +(V,U) +(V,U) V,U —|)=1

N
Y

ViU +(V,U) +(V,U) v, U)

1{oU, oU, oU, oU,
Ex =— + +
2\ 0X, oOX, OX, X,




Linearized Green tensor = Engineering strain

1( oU,

oU .

oU, U,

2l ax,

o, , Y,

_|_
oX,

_|_

0X, 0X,

Jou U, au, au, | au, au,

oX,  oX,

oX, oX,

X, oX,

X, OX,

o, , au,
oX,  oX,

o, , oy, |

oX, X,

oX, oX,

oy, v, au, au, ey, au,

oX, X,

oU, U, aU, 8V, au, au,

oX,  oX,
oU, o,

OX, OX,

oX, oX,

OX, OX,

| 8U, U,  au, U, au, au,

+
oX,  oX,

oU, ou,

X, OX,

X, X,
|y, au,  au, U,  au, au,

X, X,

+
oX, X,

oU, U,

X, OX,

X, X,

oX,, OX,

oU, U, @V, 8V, au, au,

+
oX,  oX,

_{_
oX, OX, X, X, X, oX,

&1k

1(aU,  aU,

2| oX,  oX,

o, , Y,
oX,  oX,

o, , ay,
oX, oX,

o, , Y,
oX,  oX,
o, v,
oX, oX,
o, oy,
oX, X,
ou, _au,
oX,  oX,




Linearized Euler tensor = Engineering strain

u=x-X=x-X(x) qu:guzgx—aax
X OX OX

e For Almansi (Euler) strain tensor we can write

o= (1-b) =S (1-FTF ) =2 (1=(1-9,0)" (1-9,0)) =5 (1=(1I"=(v,0) ) (1-¥,u)) -

%(I ~I1+V,u+(V,u) =(V,u) V,u) =%(v u+(V,u) (v

o 1 8ui+5Uj_8uk ou, . L1 aui+8u,-
To2lex, ox | ox ox, b2l ex,  ox




e Compare them in one component expressing simple tension

X

1

/ \
7 Xlzﬁ’lxl ﬂi 0 0
F—Al—axl—l F=|0 4, 0

/ " oX, L 0 0 4)

/4
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Comparison of numerical values




Deformation of line, area, volume element

e Line element is dX, thus its change is given directly by F
dx =FdX

e A change of the volume is also clear
and left without exact proof

dv
J :d—vzﬂlﬁzﬂg :det(F): I?f’ = If

If J = 1, the material and the deformation is said to be incompressible

(isochoric, isovolumic) y



Deformation of line, area, volume element

e A little math is necessary to derive the rule for are,
so-called Nanson formula
ds=JF ' dS

dv=JdV = ds-dx=JdS-dX = ds-FdX=JdS-dX =
ds FdX —JdS - dX =0 = F' ds-dX—-JdsS -dX=0 = (FTds—JdS)-dxzo
— Flds—JdS=0 = ds=JF'dS

ds




Where we can see large deformations?

e Ex vivo inflation of the human aorta

Human thoracic aorta (male, 54 yrs)

h

.AXiCI| prestretch 1.3
Axial prestretch 1.42
MOdel °

[kPa]

u

Internal pressure

o
y

0.9 1.0 1.1 1.2 1.3 1.4

Circumferential stretch r/R [-]
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Finite deformations

o Stent implantation N
il

o vt

Geses i

Plaque

Expanded
stent

Closed I
stent around  Flague
balloon catheter

| Artery cross-section




Nonlinearity allows an instability to occur
Inflation of thin elastomer tube

Recall

party
balloon

Inflation

.08 7

0.04

Dimensionless pressure P/p [-]

2 3

e

1 2 3

Fald e PLU EDIPUN, ML S i |
CIHCUINICTCIIUAL SUCLCI Ay | -]

Axial prestretch 2. =

1 1.01 1.025 1.05 1.075 1.1 1.15 1.2 1.23
e o o o o e o e o
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State of stress and
its mathematical
expression



Body and forces acting on it

ol B

N -
©pleo)

) |y




Body in equilibrium

e Let the body be cut by some
plane passing through any

Iven point X
e o) B

\ .
To satisty equilibrium, resultant ﬁf‘
internal force f has to act in X fo i)
compensate interaction with cut part (1) f
of the body

| | . Af
We introduce traction vectort as  df = tds t=1lm—

As—0 AS

81



Stress tensor and traction vector

e Cauchy's stress theorem: There is unique second-order
tensor o such that t = on holds.

t=0on t = o;Nn;
e Cauchy stress o is a linear transformation

of normal vector n

/tl\ (011 612 013\/n1\
o.N—>1 t, =0y, 0, Ox|lN,

L) Oy 05 Oyh )\ N




Cauchy stress tensor

X
l[ \‘033 o, =€ -0€, =ei'tk
2 i
(o)
2l /oy, t=t+t,+t,=| 0,
o, O O3
i b. \

0-21 X

11

* Be careful when interpreting i,j in oj;.
Two possible conventions exist.

O O3
Oy |T| Oy | =
O3 O33
On
t,=0€,=| 0y
O3
On
t,=0€,=| 0,
O3
01

P O 0 ©O kP O O O K-




Cauchy stress tensor is symmetric

e Cauchy stress symmetry is a consequence of a balance
of angular momentum

o =0,6 ®e +0,6,®e, +0,,6,0e,+20,,6, ®e, +20,,6, e, +20,6, D€,

‘ —
o | YT (000 Oik = Ok

11
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(1)

Y

(s 0 0)
O 0 O

0 0 0,

s 0 0)
O 0O

(1)

0 0 0

()

0/

0/

o O o»m

o O O

o O O




Once again about tensors: Transformations

e e €-e €:-6e cos(e,,e;) cos(e,e,) cos(e,e,)
Q=|e,-e, e,-e, e,-e |=|cos(e,e) cos(e,e,) cos(e,,e,) e, :QeI
e,;-e €-e, e-e ) (cos(e,e) cos(e,e,) cos(e,e,)

cos(90°) cos(0°) cos(90°)
cos(45°) cos(90°) cos(45°)

cos(45°) cos(90°) cos(135°)} 1J2 0 -12
0 1
12 0




s //°;/‘” X X3

45° P ’

: s1+/2 12 0 LV2)(s
]
t=| 0 |=| 0 1 0 ||0|=Q"t,

~siv2) (-4v2 0 142)(0

Q

//%/q,
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Rotation of the coordinate system - Tensors

Tij =€ 'Tej — (Qkiek ) ’ T(Qmjem ) — QkiQmj (ek ’Tem ) — QkiQijkm — QkiTkamj

T
1 Q TQ 2s 0 3s
a[ 0 0 O}QTGQ
-3s 0 3s
12 0 4J2)(s 0 0)4V2 0 12
= 0 1 O [O 0 O} 0 1 O
-1J2 0 VJ2){0 0 0){-1y2 0 V2




Rotation of the coordinate system - Tensors

O-roder tensor: scalar

|st—-order tensor: vector

2nd-order tensor (g;,

3rd-order tensor (&)

4th-order tensor Ej =

Ei3 Fiks G-

003064

)

(=t

[ =Q;t;

tij — QkiQmjtkm

tijl — QkiQijnltkmn

tijlp — QkiQijleqptkmnq

Components of vectors and tensors depend on the basis! In this text, we
always use orthonormal basis. Such components are referred to as
physical components of a tensor.



Stress seen from the reference configuration

e Cut by a plane in the

oQ(0)
deformed state N
. 0=

e Cut by a plane in the
undeformed state

df =tds=1dS

True (Cauchy) stress vector t and Ist Piola-Kirchhoff stress vector T form
equivalent force systems with respect to infinitesimal force resultant df



df =tds=TdS

~4)

e Cauchy (true) stress tensor o e Ist Piola-Kirchhoff  stress
t:O'n tensor P T:PN
t = o, Ti :PiKNK



Cauchy o vs Ist Piola-Kirchhoff P stress tensor

ds=JF " dS

df =df < tds—TdS/

onds=PNdS < ocds=PdS <
JoF'dS=PdS <

P=JoF"'
P, = Jaij FK_J.1
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e Let be the force transformed in the same way as is geometry
transformed during the deformation

/|F:dX —>dx|\ag(t)|

e By analogy dX =F*dx




dx =FdX = dX =F*'dx

20(0) e = |\3Q(i).

df =FdF = dF =Fdf

7] ~3)

\F_I:dx—niX

— dF =F'df =F'TdS =T.dS

T.=F'T
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2nd Piola-Kirchhoff stress tensor S

e Second Piola-Kirchhoff stress tensor is defined with respect to
undeformed configuration (,undeformed” force per undeformed

ared)
e Sis again a linear transformation of N to T¢ TS =SN
Ts, =S Ny

o Similarly to &; S is symmetric. It is in contrast to P (mixed tensor P;y)
which is not symmetric (situation is the same as with the deformation
gradienf FiK) 95



e Cauchy stress tesnor {=0on

L = 0N,

e Ist  Piola-Kirchhoff T =P N

stress tensor
Ti — PiK NK

e 2nd Piola-Kirchhoff TSZSN

stress tfensor T

s|:SmNK
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3 stress measures

 Consequences of equivalent force systems for df expression

df =tds=TdS =FT.dS ds=JF" dS
df =onds =P NdS = FS NdS dS=J"F'ds
df =ods=PdS =FSdS

df =JoF ' dS =PdS =FSdS
df =gds=J'PF ' ds=J*FSF' ds







Example: Uniaxial tension

e Consider homogenous deformation with no shear of an isotropic
bar made from linearly elastic and incompressible material
characterized elastic constant E

e Ist Piola-Kirchhoff stress P

I:)11 — Egll

State of (R, 0 0) Homogenous (F. 0 03 (/L 0 0 )
uniaxial P=|{ 0 0 0| deformation F=| 0 F, 0= 0 w/W 0
tension 0 0 0) withnoshear (0 0 F;) \ O 0  h/H,




Example: Uniaxial tension

e Cauchy stress o O = -1 FT ;
* |ncompressibility dictates J =1

T

(B, 0 O\(F, 0 0Y) (R, 0 O)(F, O 0)
c=PF'={0 00/0 F, 0|[=/0 000 F, 0]=
0 ooJlo 0o F,) (0 00J)lO 0 F
(P,-F, 0 0) (P,-(1+g,) 0 0)
=l 0 0 0|= 0 0 0 o =R, (1+¢&,)=Eg,; - (1+¢&,)
.0 00) | o 0 0,




Example: Uniaxial tension

e 2nd Piola-Kirchhoff stress S

S=FP=

(P, Fy,
= 0

. 0

0 0) (R,/(1+&,) 0 0)

(F, 0 0)Y°
0 F, O
L0 0 Fy
0 0= 0
0 0) [ O

/pll()o\
0O 0 Of=

L0 0 0,

0 0
0 0

F'rp =

(1/E, O 0 (P, 0 0)
0 1/F, 0 ||0o 0 0=

L 0 0 1/F,JlO0 0 0,

Su=PR./(1+¢&,)=Eeg, /I (1+¢;,)



Example: Uniaxial tension

 One state of stress but 3 possible expression of the same physical

reality
0.6
Ry =Eé&y P,/E
0.4
S, /E —
Sll — Egll /(1+ 511) - 0.2 /
0 é11

0 0.2 04



Constitutitve modeling
of non-linearly elastic
materials



Constitutive equation

e ..is mathematical form of the relation between state variables, in

case of deformable solid bodies, the state variables are stress and
strain

o Constitutive means state. There is analogy to the equation of state
in thermodynamics.

pV =nRT
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Constitutive equation

o Classical approach, so-called Cuachy's elasticity, is to directly find

system of equations relating 6 components of the stress tensor with
6 components of the strain tensor

o="f(¢)

e |n uniaxial tension it is O, = Egll
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Linear isotropic material

e Generalized Hooke's law represents classical (Cauchy) approach

11 £11 1 - =V 0 0 0 11
€22 €22 v 1 -—v 0 0 0 T2 E is elastic modulus
caz | _ |€aa| _ 1 —» 1 0 0 0 Faz
23|  |ms|  E|O0O 0 0 2(1+v) 0 0 Toa v is Poisson ratio
2513 M3 0 0 0 0 2[:1 + .L-"} 0 13
_2513_ _H.’rlE_ i l] D [] l] [] 2(1 -+ L-")_ _lﬂ']_g_
(711 | 1 —v v v 0 0 0 11z
T29 v 1l—v v 0 0 0 €99
Oaz| E v v 1 —v 0 0 0 £33
oz N [14-1;)[1-21;) D D D {1—211)/2 D D 2533
13 [] [] D [] |::]. — 213)/’2 [] 2513
_L'.T]_g_ i 0 0 0 0 0 (1 — 211)/2_ 2513
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Linear isotropic material

e Qeneralized Hooke's law in tensor notation

1 A
=—0

2 1L 2,u(3/1+2,u)

1 A

€i =4~ O Gkkgij

" 2u Y 2u(3A+2u)

o = Atr(&) 1+ 2 ue £ tr(o)l

Oi = )Lgkké}j + 2,Ugij

E Ev A is Ist parameter of Lamé

= A=
: 2(1+v) (1+v)(1-2v) 1 is shear modulus




Hyperelasticity

e G. Green approach. In contrast to classical approach, elastic

potential that is strain energy density function W, is in the heart of
the method.

e Density means related to undeformed volume.

oW (e) _ow(s)

O i
o0& | 0€;
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Work conjugate pairs

 Without proof we state that stress power (time rate of change of
the density of mechanical work produced by internal forces) is
given by

Wint:Ja:dzPZIi:S:E=%S:C

e Dot denotes (material) time derivative

109



Hyperelastic means elastic

e Density of dissipated mechanical power D, is zero. Dissipated
power is the difference between stress power w; . and time rate of
change of the strain energy density W.

nt

. . . OW(F) . oW (F .
D, =W, —W (F)=P:F-W(F)=P:F- 5I(: ):F:[P— 6I(: )j:F:O

P : F = I:)iK I:.iK = Pll Iill T I:?I.Z |:-12 + I:?13 Ii13 + I:)21 |:.21 + I:)22 Ii22 + P23 Ii23 + P31 Ii31 + P23 Ii23 + P33 Ii33

. oW (F oW (F _
W(F):iw(F): (F).dF _oW(F) dF _ow dr, _
dt OF dt oF dt oF, dt
W W W Wp Wp Wp Wp Wp W

oF, " OF, OF,, OF,, oF,, oF,, oF,, oF,, oF,



Hyperelastic means elastic

Density of dissipated mechanical power D, is zero. Dissipated
power is the difference between stress power w; . and time rate of
change of the strain energy density W.

[ 8W(F)] . oW (F)
D,, =| P- F=0oP=
OF OF

nt

B oW (F) - _OW(F)

OF Fi
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Hyperelasticity

F,:8W(F) o'=2J‘1aW(b)b S:aw(lz)zzzaw(c)
oF ob OE 0C
Fx = W (F) o, =2J" oW (b) b, = oW (E) _ oW (C)
aFiK 5bik ’ @EIK @CIK



Hooke's law in hyperelastic notation

1 Ev E
W =2 412 +2ul, = 24—,
2T Ty m2v) Ly

o _ oW BV g 5 +ig
i 85 (1+v)(1—2v) & 1+v

| = = | _1 1, 1, 1,
1 = &jj =& T &y T &5 2 Egugp _Eg + 2522 T 2‘933 T E158y T &85y T E531813



Hyperelasticity

e Simple substitution of the large strain tensor E instead of e into the
Generalized Hooke's is known as Saint-Venant-Kirchhoff material
model. However, is gives unrealistic predictions in uniaxial
compression. This simple way fails.

A
W:Etrz(E)+ytr(E2)
5= W _tr(E)1+24E

~ OE
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Saint-Venant-Kirchhoff model fails

S :Z—Z:/’Ltr(E)H 2UE

Ev

)2

Ey 1, 1, E 1, Ev(4i-1) (1 E
:(1+V)(1_2v)(5(”ﬂ‘1)‘2‘/5(”11‘1)}55(&1‘1):(1+V)(1_2v)(§“/j+

E Ev E
E11+E22+E33)+—E = (E11—2vE11)+—E11:

S -
H 1+y - (1+V)(1—2v) 1+v

2Bv[ 1oy ]+E(1-2v)
:(421‘1)((1+V)E(‘i_2v)(£“/j+ Evjz(ﬁ‘l) z((zlw}(lzv) -
Ev(1-2v)+E(1-2v) 1-v—2v°

ey Ay




Saint-Venant-Kirchhoff model fails

S :Z—Z:/’Ltr(E)H 2UE

1-v-2v°
1+v)(1-2v)

Sy = E(ﬂfl_l)z(
P=FS

1—y —2v°

P, = Eﬂu(ﬁfl _1) 2(1+v)(1-2v)

[-]

Pll(v = 0.3)

A

-]



Conditions to be met by the model

e Redlistic and meaningful models of W cannot be arbitrary. There
are some physical and mathematical conditions that has to be

satisfied.

ZGW(I):O 82\N(I)>O
OF 0F OF

W(l)=0 W(F)=0 P(I)
J=det(F) >0 = W(F)>ow J=det(F)>0" = W(F)—>x

W (QF)=W (F) W (F)=W (U)=W (C)=W (E)



Tensors of elasticity

_OP(F)_oW(F)
 OF  OF0F

- _0S(E)__3S(C)_oW(E) ,oW(C)
 0E ~ 8C  OEOE  ococC
C=2b O-(b): —lbazw(b)b
ob obob

1
Ciii = J

F F.

IK " JL

I:kM |:IN CKLI\/IN




Restriction imposed on elasticity tensor

o I\/Ic]jor symme’rry CIJKL — CKLU

e Minor symmetry (in isotropic materials only) CI KL = C KL — C, LK

o

: Solis:l. body bos to have 82W(I)
positive elastic modulus >0

OFOF

E(e=0)= =tg(a)>0 119



Hyperelasticity of incompressible materials

o FElastomers, as well as soft tissues, are known to exhibit negligible
volumetric changes during their deformations

— Incompressible

— Cyclic
— Monotonic

Cauchy stress (MPa

Load
Unload

1.0 2.0 3.0 4.0 0.0 6.0 1.0 2.0 3.0 4.0 2.0 6.0
A A

Merckel, Y., Diani, J., Brieu, M., & Caillard, J. (2013). Constitutive modeling of the anisotropic
behavior of mullins softened filled rubbers. Mechanics of Materials, 57, 30-41.
http://www.sciencedirect.com/science/article/pii/S0167663612001834#



http://www.sciencedirect.com/science/article/pii/S0167663612001834

Hyperelasticity of incompressible materials

o Soft tissues and elastomers are modeled as incompressible (no
change of a volume)

 However, if they do not change volume, hydrostatic part of stress
tensor do no work because this work is given as hydrostatic stress
times volumetric deformation which is zero...

e By means of OW/OF, we cannot obtain hydrostatic part of the
stress tensor... because it does not contributed to W

* No deformation means no work thus no energy p 0 0)
0O p O
\0 0 p)
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Hyperelasticity of incompressible materials

o Constitutive equation for a material with a constraint

 Lagrange multiplier p, to be determined from force boundary
conditfion, is employed

W =W (F)- p(J -1) 0'=—pI+FZ—VI\:/
J=1
P=—pF‘T+M
OF
S=-pC +28C_ p(2E+1) =






Models of W



e Uniaxial tensile test with

L]
a rubber strip | .
e L.RG. Treolar (1944) o | »
— o
g 40 ®
Q L]
4(7) 30¢ g
_ L ]
g w
= 20} .
% X
Z Ll .
o**

i

2 3 4 5 6 7 8

Axial stretch I/L [-]

http://en.wikipedia.org/wiki/L. R. G. Treloar

http://books.google.cz/books/about/The Physics of Rubber Elasticity.html?id=-iyDehYpoAQC&redir esc=y 125



http://en.wikipedia.org/wiki/L._R._G._Treloar
http://books.google.cz/books/about/The_Physics_of_Rubber_Elasticity.html?id=-iyDehYpoAQC&redir_esc=y

Observation

(a) CIRCUMFERENTIAL STRIPS (b) AXIAL STRIPS e  Uniaxial tensile tests with

=
-
= 100 Stress-strain behavior 4 100 k Stress-strain behavior 4 .
= = strips  cut  from  human
7 s0f e R : .
£ wl | 3.1 _ abdominal aorta separated to
E L i g y B i 3 3 3
£ w0 £ w individual layers (female 80
s 20} 1 = 20¢} 1
£ z )
3 0F - ! 0F i yrS
=
] i i 1 1 1 A 1 i 1 1 1 N 1 1
0 0.1 02 03 04 05 06 0 0.1 02 03 04 05 06
Circumferential strain E|; Axial strain Ej, el e .
or 1 o 0 p In-plane 'paths’ - R
o -0.05F - E -0.05 F - e
= -0.10F 1 £ 010l J e
-E E ~ elasi
g 0.I5F 1 £ 015} \ J
E 020F - E -0.20 F \ _ Gasser, T. C., Ogden, R. W., & Holzapfel, G. A. (2006). http://www.sciencephoto.com/image
; 'é' \ Hyperelastic modelling of arterial layers with /115279/530wm/C0051117-Human
©-025F T 51 -0.25 p \ I distributed collagen fibre orientations. Journal of the artery wall cross-section. LM-SPL.jpg
030F 1l = 2030 F i Royal Society Interface, 3(6), 15-35.
' o - \ http://rsif.royalsocietypublishing.org/content/3/6/15
0 01 02 03 04 05 06 0 0.1 02 03 04 05 06
Circumferential strain E{ Axial strain Ep;
Intima Media Adventitia Holzapfel, G. A. (2006). Determination of material models for arterial

walls from uniaxial extension tests and histological structure.
EXPERIMENT S S . Journal of Theoretical Biology, 238(2), 290-302.

e — . . . . N 126
MODEL http://www.sciencedirect.com/science/article/pii/S0022519305002080



http://www.sciencedirect.com/science/article/pii/S0022519305002080
http://rsif.royalsocietypublishing.org/content/3/6/15
http://www.sciencephoto.com/image/115279/530wm/C0051117-Human_artery_wall_cross-section._LM-SPL.jpg

The simplest model

Neo-Hookean model

w=24(1,-3)

The model can be deduced
from entropic principle applied
to freely jointed chain with
Caussian probability density
for end points locations

LN p PRI

> ()
V M

1, Ist invariant of C

4 initial shear modulus

K Boltzmmann constant

T thermodynamic temperature
N number of chains in a volume
n chain density

R universal gas constant

© mass density

M molecular mass 127



Neo-Hookean model

e Uniaxial tension for incompressible material

W:%(ll—s)
3 ! ow
W oc=—pl+F—
0,=0 = p=iu
oW b
Oy =h——F o, = —ﬁzﬁz2 2}_:2_
oA, ' ,11(%{2(/11+ +ﬂ3) P=Ak=P J=det(C)=A4 44 =1 A, =4
S ow p— i{ﬁ(ﬂlz+/12+ﬂ,f)}—p—/12ﬂ—p ‘ J '
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The simplest and meaningful but inadequate

* |nadequate at large strains (say higher than 0.2)
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Models for rubber

 Mooney-Rivlin model W :%[a(ll —3)+(1—a)(|2 —3)}

u>0 A O<a<l

W =c,(1,-3)+c,(1,—-3)

C=FF
F:l http://en.wikipedia.org/wiki/Melvin Mooney ]1 — ﬁ"(C) = AIE + A'ZE + ﬂ;
Melvin Mooney (1893-1968) American 1

I == tr*(CY=tr(C?) | = 1222 292 292
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http://en.wikipedia.org/wiki/Melvin_Mooney

Models for rubber o

* Mooney-Rivlin model W=ﬁ[a(|1—3)+(1—a)(|2—3)] oW
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* Mooney-Rivlin model W=§[a(ll—3)+(1—a)(lz—3)}

0, = aﬂﬂf + ,u(l— a)ﬂl - aﬂﬂ{l + /U(a _1) 11_2 a =1 (neo-Hooke)
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Family of Ronald Rivlin models
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Ronald Rivlin (1915-2005) Famous British-American physicist and mathematician,
significant progress in nonlinear continuum mechanics and description of nolglineor
materials. 3000 pages of scientific papers, unfortunately no monograph.


http://www.lehigh.edu/engineering/about/alumni/bio_rivlin_r.html
http://en.wikipedia.org/wiki/Ronald_Rivlin

Model by RW. Ogden

=539 kPa u,=-0.531kPa g, =0.19-10" kPac, =1.46 «,=-2.03 «,=9.68

http://www.gla.ac.uk/schools/mathematicsstatistics/staff/raymondogden/
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Models of W suitable to
describe soft tissues



Exponential model by Fung
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Exponential model by Fung
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Exponential model by Fung

o Iso’rropic form W :i(ea(ll—s) _1) . :yea(ﬂl2+jl3j[ﬂl_ij
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e The model introduced by G.A. Holzapfel, T.C. Gasser nad RW.
Ogde n i n ZOOO https://www.biomech.tugraz.at/images/pdf/Holzapfel et al-JElasticity-2000.pdf

Material is considered to be
homogenized composite
consisting of isotropic matrix
(cells and compliant extracellular
matrix) and two families of
collagen fibers

140


https://www.biomech.tugraz.at/images/pdf/Holzapfel_et_al-JElasticity-2000.pdf

e HGO model ¢ Collagen fibers are nonlinearly
stiff and reinforce the material.
They make it anisotropic.

e Collagen fibers form preferred
directions, here denoted by unit
vectorsc M and N, in
a continuum = anisotropy

 We want to find some invariant
capturing preferred directions
and the deformation to be
incorporated into W
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2

M =M,E, + M,E,

Ml
[Mz] =cos(®)E, +sin(®)E, =| sin(D)
0 0

Nl
N =N,E, +N,E, {Nz] =cos(—®)E, +sin(-®)E, =| sin(-D)
0




Reference
configuration

Deformed
configuration

(4, cos(®))
=| A,sin(®)

[}, cos(~-®))
A, sin(—®)
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The most frequent model nowadays

/g 8 M =cos(®)E, +sin(P)E,
0 4 m =cos(@)e, +sin(p)e, =1, cos(D)e, + 4, sin(D)e,

N

4
0
0

e Scalar product of the deformed preferred vector gives new invariant

m-m=(4cos(®) A,sin(®@) 0)| 4,sin(P)|=A47cos’(®)+A;sin*(®)=1; =1,

m-m=(FM)-(FM)=MF'FM =M -(CM) =1,



 Holzapfel, Gasser, Ogden

(4, 0 0) l,=m-m =2, =4’cos’(®)+4, sin’ (D)
F=|0 4, 0
0 0 4 I, =n-n=27g =4’ cos’(—P)+ 4, sin*(—®)

|, =4’ cos® (@) + 4, sin® (@) =,
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 Holzapfel, Gasser, Ogden

Uniaxial tension o; [kPal]

o

n =100 kPa, k; =20 kPa, k, =25

O = 0°
DO =15°
® =30°
D =45°
® =60°
D =75°

2, =1L [-] ® = 90°
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