
 
 Horný L, Netušil M, Daniel M. (2014)  Limiting extensibility constitutive model with distributed fibre orientations and 
ageing of abdominal aorta. Journal of the Mechanical Behavior of Biomedical Materials, 38:39-51.  
DOI: 10.1016/j.jmbbm.2014.05.021 MANUSCRIPT VERSION http://dx.doi.org/10.1016/j.jmbbm.2014.05.021  
 

1 
 

Limiting extensibility constitutive model with distributed fibre 
orientations and ageing of abdominal aorta 

 
 

Lukáš Horný1*, Marek Netušil2, Matěj Daniel1 

 
 

1 Czech Technical University in Prague, Faculty of Mechanical Engineering, Technická 4, 166 07, 
Prague, Czech Republic 
2 Charles University in Prague, Faculty of Mathematics and Physics, Sokolovská 83, 186 75, Prague, 
Czech Republic 
*Corresponding author: lukas.horny@fs.cvut.cz, tel. +420 224 352 690 

 
 

Abstract. The abdominal aorta is susceptible to age-related pathological changes (arteriosclerosis, 
atherosclerosis, aneurysm, and tortuosity). Computational biomechanics and mechanobiology provide 
models capable of predicting mutual interactions between a changing mechanical environment and 
patho-physiological processes in ageing. However, a key factor is a constitutive equation which should 
reflect the internal tissue architecture. Our study investigates three microstructurally-motivated 
invariant-based hyperelastic anisotropic models suitable for description of the passive mechanical 
behaviour of the human abdominal aorta at a multiaxial state of stress known from recent literature. 
The three adopted models have also been supplemented with a newly proposed constitutive model 
(limiting extensibility with fibre dispersion). All models additively decouple the mechanical response 
of the isotropic (elastin and smooth muscle cells represented by the neo-Hookean term) and the 
anisotropic (collagen) parts. Two models use exponential functions to capture large strain stiffening 
ascribed to the engagement of collagen fibres into the load-bearing process. The other two models are 
based on the concept of limiting extensibility. Perfect alignment of reinforcing fibres with two 
preferred directions as well as fibre dispersion are considered. Constitutive models are calibrated to the 
inflation-extension response adopted from the literature based on the computational model of the 
residually-stressed thick-walled tube. A correlation analysis of determined material parameters was 
performed to reveal dependence on the age. The results of the nonlinear regression suggest that 
limiting fibre extensibility is the concept which is suitable to be used for the constitutive description of 
the aorta at multiaxial stress states and is highly sensitive to ageing-induced changes in mechanical 
response. 
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1. INTRODUCTION 

The abdominal aorta is highly susceptible to age-related pathological changes. The most frequent are: 
arteriosclerosis (calcification, thinning and disruption of elastin membranes in the middle layer of the 
wall which is accompanied with diameter enlargement and significant stiffening due to a transfer of 
load-carrying capacity to collagen; Greenwald, 2007; O’Rourke and Hashimoto, 2007; McEniery et 
al., 2007; Persy and D'Haese, 2009), atherosclerosis (inflammatory plaque formation via lipid 
accumulation with subsequent calcification on the inner layer; Persy and D'Haese, 2009; Pyle and 
Young, 2010; Corti and Fuster, 2003), aneurysm (balloon-like expansion with a risk of a rupture; 
Humphrey and Holzapfel, 2012) and tortuosity (loss of the straightness of the vessel axis; Dougherty 
and Varro, 2000; Lee et al., 2011; Wenn and Newman, 1990).  

Their development seems to be correlated (among other factors) with a mechanical environment 
specific to the infrarenal part of the aorta where blood flow as well as distribution of intramural 
stresses are affected by aorto-iliac bifurcation with its complex geometry and mutual non-planarity 
between the aorta and iliac arteries (Fung, 1997; Thubrikar, 2007; Bäck et al., 2013). At present, 
computational methods are capable of elucidating the mutual interactions between a changed 
mechanical environment and an onset or progress of pathological changes (Holzapfel and Ogden, 
2010; Wagenseil, 2011; Valentín et al., 2011; Bäck et al., 2013). The key factor limiting the usefulness 
and reliability of computational models is the constitutive description.  

The gradual expansion of the histo-morphometrical and mechanobiological knowledge of the 
arterial wall has led in recent years to the development of microstructurally-motivated constitutive 
models.  Direct implementation of microstructural information is usually based on the modelling of 
fibrillar networks of mechanically important constituents (e.g. collagen, elastin, smooth muscle cells). 
This approach was used by Y. Lanir in his seminal work (Lanir, 1983) and combines the ideas of the 
density function describing spatial distribution of the orientation of fibrils and the density distribution 
of their crimping (originally proposed by Decraemer et al., 1980).  

Wuyts et al. (1995) used the idea of a statistical description of collagen fibre waviness when 
interpreting pressure-radius data from 45 thoracic and 20 abdominal human aortas collected by 
Langewouters et al. (1984). They found a positive correlation between age and Young modulus of 
collagen fibres in both thoracic and abdominal aortas with a significantly closer dependence in the 
thoracic part whereas the rate of engagement of collagen fibrils into the load bearing process exhibited 
a higher correlation with age in the abdominal aorta. Zulliger and Stergiopulos (2007) reanalysed the 
data of Langewouters et al. (1984) with a 3D constituent-based model and concluded that the ageing 
of the aorta is neither reflected in a change of elastic constants of elastin and collagen as such nor in 
the collagen waviness in their model. Nevertheless, the fact that with increased age the strain at which 
collagen fibres are significantly engaged into the deformation is decreased remains true.   

Another approach, perhaps the predominant one, is based on the interpretation of material 
anisotropy by means of the microstructure employing deformation invariants. G.A. Holzapfel, T.C. 
Gasser and R.W. Ogden proposed a hyperelastic constitutive model for passive mechanical response 
of arterial tissue which additively decouples isotropic (elastin, smooth muscle cells) and anisotropic 
(ascribed to presence of oriented bundles of collagen fibrils) response (Holzapfel et al., 2000). Using 
additional strain invariants generated by preferred directions in a continuum, they arrived at a form 
preserving exponential function (to reflect large strain stiffening interpreted as sequential engagement 
of the collagen into the deformation) originally introduced to biomechanics by Y.C. Fung and 
confirmed by decades of research to be very successful (Fung, 1967; Fung et al., 1979; Fung and 
Chuong, 1983; Humphrey, 1995).  

Gasser et al. (2006) have recently proposed another invariant-based model which modifies the 
expression of Holzapfel et al. (2000) by including isotropic contribution into the argument of 
exponential function. Direct mathematical decoupling between the anisotropic and isotropic 
contribution enables viewing a  large strain stiffening composed of contribution given by a stretching 
along the preferred direction additionally supported by stretching of fibres dispersed along the 
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preferred direction. Recent histo-morphometrical analyses have verified that this is much closer to 
reality than perfect alignment (Schriefl et al., 2012; Polzer et al., 2013; Horny et al., 2010, 2009). 

Adopting the strain energy density function with fibre dispersion, Haskett et al. (2010) analysed the 
effect of age and location on the biaxial response of the aorta and found age-related stiffening to be the 
most significant in the abdominal segment. Unfortunately, they did not provide a quantitative 
correlation with age. Weisbecker et al. (2012) used this model for the descending aorta in a study of 
cyclic stress-softening. Although they investigated correlations with age, their data sample of 
abdominal aorta was rather small. The same also applies for in vivo study of Wittek et al. (2013). 

In the present study, the above mentioned microstructurally-motivated invariant-based constitutive 
models (Holzapfel et al., 2000; Gasser et al., 2006) and limiting fibre extensibility model proposed by 
Horgan and Saccomandi (2005) are calibrated to the inflation-extension behaviour of the human 
abdominal aorta based on results recently presented by Labrosse et al. (2013). Additionally, a new 
constitutive model combining the idea of limiting extensibility and fibre dispersion is proposed. 
Obtained estimates of constitutive parameters are correlated with age and regression equations 
describing their evolution in ageing are presented. 

 

2. THEORETICAL FRAMEWORK 

The abdominal aorta will be modelled as an incompressible, hyperelastic, anisotropic residually-
stressed homogenous thick-walled tube. Only a passive mechanical response will be considered. Polar 
cylindrical coordinates will be used in this study and all tensor variables are handled in their physical 
components. 

 

2.1 Kinematics of inflation and extension of a tube with residual strains 
During a deformation, let a material particle located originally in point Ξ  = (ρ,φ,ζ) in the stress-free 
(reference) configuration be mapped to x = (r,θ,z) in the deformed configuration. Then, the 
deformation gradient F can be obtained as FiK = |gi|/|GK|∙∂xi/∂ΞΚ where gi and GK (i = r, θ, z;  
K = ρ, φ, ζ), respectively, are natural covariant base vectors in cylindrical coordinates for the deformed 
and reference configuration (Humphrey, 2002; Taber, 2004). For incompressible material, det(F) = 1 
holds. The right Cauchy-Green strain tensor C and Green-Lagrange strain tensor E are defined from F 
as C = FTF and E = ½(C – I), where  I denotes the unit second-order tensor in the material description.  

It is well known that tubular segments of arteries excised from a body are not in a stress-free 
configuration. Residual stresses, ensuring compatibility of deformations of the wall components with 
different individual stress-free states, take place here (Ambrosi et al., 2011). As the first 
approximation, it will be assumed that residual stresses are released by radial cut of a cylindrical 
segment of the aorta (Rachev and Greenwald, 2003; Labrosse et al., 2013; Horny et al., 2013b). Cut 
radially, a cylindrical segment springs open to a configuration in which its cross-section forms  
a circular sector which will be considered to be stress-free. The situation is depicted in Figure 1. 

Due to the existence of residual strain in the cylindrical segment of the aorta, the kinematics of 
simultaneous inflation and axial extension described by deformation gradient F2 is considered to be 
superimposed on closing of an opened up circular sector described by F1. The resulting kinematics is 
given as F = F2F1. Equations (1) and (2), respectively, describe motions from stress-free to closed but 
unloaded, and from residually stressed to a loaded configuration. 

( ) 2      
2 2

R R Zπρ φ δζ
π α

= Θ = =
−

        (1) 

( )                       zr r R Zθ λ= = Θ =         (2) 
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According to Figure 1, ρ  here denotes the variable radius in an undeformed configuration  
(ρi ≤ ρ ≤ ρo), α is the opening angle and δ is an axial stretch accompanying closing to cylindrical 
geometry described in coordinates R, Θ, and Z. Subsequent pressurisation of the tube (with closed 
ends) leads to a change of the radius from R to r (ri ≤ r ≤ ro) and a change of the length described by 
axial stretch λ. Equations (1) and (2) imply that both axial stretches δ and λ are assumed to be uniform 
along the tube. Deformation gradients related to motions (1) and (2) are in (3a) and (3b), respectively. 
Final deformation gradient F is of the form (4). 

 
Figure 1. Reference (stress-free) and residually-stressed (unloaded) configurations for opening angle  
α ∈ [0; π) in  the left and α ∈ (π; 2π) in  the right panel. The arrangement of arterial rings in  the figure mimics 
conditions in an experimental measurement of the opening angle when certain points of the ring have  to be 
fixed. Note that in 3D, an application of residual stress is accompanied with small axial (out-of-plane in the 
figure) stretch δ. 
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Since volume-preserving motion is assumed, det(F1) = det(F2) = det(F) = 1. It provides equations 
decreasing the number of independent components of deformation gradients to two. It will also be 
useful to express the incompressibility condition by means of inner and outer radii because it will be 
used within integration in equilibrium equations. The equation (5a) applies for the closing of the 
circular sector and (5b) for the inflation-extension of the tubular segment. Combining both equations, 
one obtains volume-preservation condition during pressurisation with respect to a stress-free state.  

( )( ) ( )2 2 2 2
o i o iR Rπ α ρ ρ π δ− − = −   ( ) ( )2 2 2 2

o i o iR R r r λ− = −     (5) 

At this point, one important note is necessary. Data from Labrosse et al. (2013) will be used here as 
input parameters. In their experiments, some aortas exhibited opening angle α ∈ (π; 2π); see Table 1. 
Figure 1 depicts both α ∈ [0; π) and α ∈ (π; 2π) situations separately. It is evident that when the 
opening geometry is passing through α = π, the inner and outer radii of the circular sector mutually 
change their roles (which is a consequence of the changed position of the centre of curvature).  
Labrosse et al. (2013) pointed out that in such a case, the radii are negative which implies that 
inequality ρi ≤ ρ ≤ ρo still holds. However, the term (ρo

2 − ρi
2) in the equation (5a) will be negative. 

The negativity of (ρo
2 − ρi

2) is nevertheless “compensated” by negativity of the term (π − α) and 
obtained volume is a positive real number. A similar situation occurs in λθφ. Negativity of ρ is for  
α ∈ (π; 2π) “compensated” by negativity of (π − α) and hence positive principle stretch is obtained. 

 

2.2 Constitutive models 
The abdominal aorta will be considered as a homogenous incompressible hyperelastic material. The 
stress-strain relation is thus obtained by differentiating elastic potential (strain energy density per unit 
reference volume) W with respect to the strain tensor (6). In the equation (6), σ is the Cauchy stress 
tensor and p is an undetermined multiplier induced by the incompressibility constraint.    

TW pσ ∂
= −

∂
F F I

E
          (6) 

Within our study, five different models for W will be used. The  first of them is the model proposed 
by Guccione et al. (1991) WGMW, eq. (7), recently used in an experimental characterisation of 
multiaxial mechanical behaviour of the abdominal aorta by Labrosse et al. (2013). The remaining four 
models will be calibrated to predictions obtained by use of material and geometrical parameters 
adopted from Labrosse et al. (2013) and equilibrium equations. In (7), c0 is stress-like material 
parameter and c1 and c2 are dimensionless parameters. 

( )2 2 2
1 20 1

2
c E c E E

GMW

c
W e φφ ζζ ρρ+ + = − 

 
         (7) 

The first model, of which material parameters will be estimated, is WHGO proposed by Holzapfel et 
al. (2000). This model operates with the idea of isotropic matrix (elastin, smooth muscle cells in 
passive state) described in (8) with the neo-Hookean term and two families of reinforcing fibres 
(collagen) which generate anisotropic response captured in a continuum by two preferred directions 
(exponential terms in (8)).   

( ) ( )2
2 11

1
4 6 2

3 1
2 2

jk I
HGO

j

kW I e
k

µ −

=

 = − + − 
 

∑
,

       (8) 

Here I1 (I1 = λrρ
2 + λθφ

2 + λzζ
2) is the first principal invariant of C and µ [Pa] is the infinitesimal 

shear modulus of the isotropic matrix. k1 (k1 > 0, [Pa]) expresses how important the fibre contribution 
is, and k2 (k2 > 0) is dimensionless and governs the abruptness of the stiffening. In arguments of 
exponential functions, I4 and I6 are strain invariants induced by the existence of preferred directions in 
a continuum. Let these two directions are aligned with unit reference vectors M = (0, cos(β), sin(β)) 
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and N = (0, cos(−β), sin(−β)). That is to say, they create helices symmetrically disposed with respect 
to circumferential axis by angle ±β in the surfaces of the constant radius. Invariants I4 and I6 then can 
be obtained as I4 = M(CM) and I6 = N(CN) and equal to the squares of stretches in the preferred 
directions.  The equation (9) holds in our specific case (diagonal F and independence of radial 
coordinate).  

( ) ( )2 2 2 2
4 6 zI I cos sinθφ ζλ β λ β= = +         (9) 

It is worth noting that the same parameters k1 and k2 for the two families of preferred directions and 
the symmetry in ±β induce a  behaviour called local orthotropy (Holzapfel, 2000). Although there are 
further  invariants generated by preferred directions, we will not, in accordance with Holzapfel et al. 
(2000), include them into the strain energy density models treated in our present study. 

Gasser et al. (2006) modified strain energy density (8) to account for the contribution of collagen 
fibres which are not perfectly aligned with unit vectors M and N replacing I4 and I6 by K4 and K6 (10). 
The interpretation of µ, k1 and k2 in (10) remains the same as in (8). 

( ) ( )2
2 11

1
4 6 2

3 1
2 2

jk K
GOH

j

kW I e
k

µ −

=

 = − + − 
 

∑
,

       (10) 

( )1 1 3      4 6, ,j jK I I jκ κ= + − =         (11) 

where K4 and K6 are generalised invariants, and κ is a structural parameter which measures the degree 
of dispersion (0 ≤ κ < ⅓). Considering (11), it is clear that the limits of κ correspond to two border 
situations: κ = 0 implies perfect alignment with preferred directions and isotropy is obtained for κ = ⅓. 
Gasser et al. (2006) showed that one-to-one correspondence between the domain of κ (at physically 
admissible situations) and concentration parameter governing the character of π-periodic von Mises 
probability density distribution function does exist (see also the discussion in Holzapfel and Ogden, 
2010). This result provides a quantitative characterisation of fibre dispersion.           

The third model fitted to the aortic mechanical response in our study will be WHS introduced in 
Horgan and Saccomandi (2005). It belongs to a different class of models than mentioned above. WGMW, 
WHGO and WGOH employ exponential function which was introduced by Y.C. Fung originally to fulfil 
differential equation describing the dependence of elastic modulus (derivative of the stress with 
respect to the strain) on applied stress (in case of uniaxial stress state; Fung, 1967). WHS, however, 
belongs to the class of so-called limiting extensibility models inspired by the kinematics of 
macromolecular chains. In the simplest case (freely jointed chain), we can imagine a macromolecule 
as the chain of rigid monomers jointed by frictionless joints where monomers can freely rotate. It is 
clear that there exist a maximum of end-to-end distance equal to the number of monomers multiplied 
by their length. This idea is very simple and thus many refinements were suggested. Their details are, 
however, beyond our scope (for details see articles cited below or the classical textbook by L.R.G. 
Treloar, 1975). A freely jointed chain is used only to sketch what gives rise to the principle of finite 
extensibility.  

A.N. Gent (1996) suggested a simple invariant-based mathematical form of strain energy density 
function reflecting the phenomenon of limiting extensibility. It is WG expressed in equation (12). In the 
context of arterial biomechanics, this model has recently been discussed in Horgan and Saccomandi 
(2003a), Ogden and Saccomandi (2007), and Horny et al. (2013a) have used it to describe age-related 
changes in the biomechanics of the abdominal aorta.      

1
1

3
1           3

2
m

G m
m

J I
W ln I J

J
µ  −

= − − ∧ < + 
 

       (12) 
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Here µ (µ > 0) is the infinitesimal shear modulus, and Jm (Jm > 0) is a dimensionless limiting 
extensibility parameter which restricts admissible deformations to the domain given by condition  
λrρ

2 + λθφ
2 + λzζ

2 = I1 < Jm + 3. When Jm → ∞, WG is reduced into the neo-Hookean model.  

The model (12) is, however, isotropic and thus unsuitable to describe aortic response under 
multiaxial state of stress. Anisotropic extension of WG to the case of one family of reinforcing fibres 
(transversely isotropic behaviour) was introduced in Horgan and Sacomandi (2005). Here, in the 
context of arterial mechanics, we will use the extension to two preferred directions, WHS (13), which 
may be microstructurally understood in the same way as (8); isotropic matrix and two families of 
reinforcing collagen fibres. This fact gives WHS its denotation as a limiting fibre extensibility model. 
Admissible deformations are now restricted by condition λθφ

2cos2(β) + λzζ
2sin2(β) = I4 = I6 < Jm

½ + 1.  
It is again assumed that both families of fibres are mechanically equivalent. 

( )
( ) ( )

2

1
4 6

1
3 1           1     4 6

2 2,
,jm

HS j m
j m

IJ
W I ln I J j

J
νµ

=

  −  = − − − ∧ < + =     
∑   (13)    

When limiting extensibility is relaxed, i.e. Jm → ∞, the sum of logarithmic terms in (13) will 
reduces to ½ν(I4 – 1)2 + ½ν(I6 – 1)2. The parameter ν [Pa] functions as a measure of anisotropy (it is a 
weight of the fibres’ contribution to the strain energy). Horgan and Saccomandi (2002, 2003b, 2005) 
also showed that the logarithmic terms of the above mentioned strain energy density functions can be 
obtained when strain energy is expanded as a function of deformations invariants instead of in 
polynomials (as was developed by R.S. Rivlin) by rational functions. Further details of limiting 
extensibility models can be found e.g. in Horgan and Saccomandi (2006), or Horgan and Murphy 
(2007).   

The last material model used in our study, WHND, is based on the introduction of the idea of fibre 
dispersion into the limiting extensibility model (13). In (14), squares of stretches along the directions 
of reinforcing fibres are replaced by generalised invariants (11). µ, ν, Jm, β and κ, which are the 
material parameters, have the same meaning as in above mentioned equations and admissible 
deformations are now restricted by the condition (15).  

( )
( ) ( )

2

1
4 6

1
3 1           1      4 6

2 2,
,jm

HND j m
j m

KJ
W I ln K J j

J
νµ

=

  −  = − − − ∧ < + =     
∑   (14)    

( )1 1 3       4 6,j jK I I jκ κ= + − =         (15) 

 

2.3 Equilibrium of thick-walled tube 
Non-trivial equilibrium equations for inflation-extension behaviour of the closed hyperelastic 
incompressible thick-walled tube with substituted constitutive model are expressed in (16) for radial 
direction, and in (17) for axial direction. Their form is adopted from Holzapfel and Ogden (2010), 
Labrosse et al. (2013), Horny et al. (2013b). Detailed derivation can be found in Matsumoto and 
Hayashi (1996). These equations apply when boundary conditions σrr(ri) = – P and σrr(ro) = 0 are 
used. 

 

ˆo

i

r

r

W drP
rθφ

θφ

λ
λ

∂
=

∂∫           (16) 
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2
ˆ ˆo

i

r

red z
zr

W WF rdrζ θφ
ζ θφ

π λ λ
λ λ

 ∂ ∂
= −  ∂ ∂ 

∫         (17)     

 P  here denotes internal pressure and Fred is axial prestretching force (acting on closed ends of the 
tube additionally to intraluminal pressure P). In our specific case, Fred = 0 because Labrosse et al. 
(2013) conducted their experiments without prestretching force. In equations (16) and (17), Ŵ denotes 
the strain energy density function written in components of F and with λrρ substituted by 1/(λθφλzζ) 
from incompressibility condition. 

 

Table 1. Input parameters and estimated stress-free geometry. ID of the samples is in the form indicating sex and 
age [years]. Input parameters are adopted from Labrosse et al. (2013); Ri – inner radius in unloaded 
configuration, H – thickness in unloaded configuration, and c0, c1, and c2 are material constants in WGMW. ρi and 
ρo denote computed stress-free radii of opened up circular sectors. δ denotes axial stretch achieved in closing of 
the opened sector. Note that negativity of ρi and ρo is the consequence of the changed position of the centre of 
curvature (see Figure 1). 

ID F49 F50 F63 F65 M38 M42 M57 M60 M61a M61b M66 M67a M67b M70a M70b M71 M77 

Opening 
angle [°] 252 323 96 248 117 125 322 156 270 335 253 118 174 208 201 118 135 

Ri 
[mm] 5.9 6.7 5.4 6.2 5.3 6.5 7.5 6.3 7.7 7.3 7.2 8 7.9 7.1 7.4 10 7 

H 
[mm] 1.51 1.14 0.96 1.21 1.22 1.56 1.28 1.69 1.22 1.62 1.78 1.58 1.26 1.23 1.64 1.72 1.5 

c0 
[kPa] 8.4 8.4 23 1.6 14.7 41.8 0.8 7.6 2.4 2.3 9.4 3.5 2.2 14 1.8 17 1.2 

c1 
[-] 5.09 15.21 4.07 9.26 3.04 1.54 6.74 2.96 37.53 6.82 7.81 24.47 56.69 16.09 18.62 13 41.08 

c2 
[-] 8.18 9.67 7.2 11.77 7.38 1.44 12.44 10.23 34.01 19.16 12.5 27.9 41.66 7.38 35.99 11.85 49.51 

ρi 
[mm] -17.34 -9.72 12.10 -18.59 16.20 23.00 -10.95 52.16 -17.22 -10.22 -20.77 24.68 255.2 -50.23 -70.93 30.63 30.17 

ρo 
[mm] -15.82 -8.58 13.06 -17.37 17.42 24.56 -9.67 53.87 -16.00 -8.60 -18.99 26.27 256.5 -49.00 -69.27 32.36 31.68 

δ 
[-] 1.0019 1.0003 1.0006 1.0017 1.0010 1.0039 1.0000 1.0017 1.0010 0.9998 1.0018 1.0022 1.0047 1.0051 1.0033 1.0020 1.0034 

 

 

2.4 Inflation-extension behaviour obtained from WGMW 

Labrosse et al. (2013) have recently published the results of 17 inflation-extension tests conducted ex 
vivo with human abdominal aortas. Their material and geometrical parameters (c0, c1 and c2 for WGMW; 
Ri, H and α for geometry) are presented in Table 1 and will be used to generate mechanical response. 
This response will provide the data which subsequently will be fitted by WHGO, WGOH, WHS and WHND 
models. 

The simulation is performed in two steps. Since Labrosse et al. (2013) did not quote stress-free 
dimensions, they must be found in the first step. The procedure involves incompressibility condition 
and equations (16) and (17) expressed using F1. In the second step, the same equations in deformation 
described by F = F2F1 are used to compute ri, ro and λzζ.   

The problem was formulated as a minimisation of the objective function QSIM (18) subjected to the 
constraint Fred = 0. In (18), P denotes pressure given by (16). For i = 0, the first step in which ρi, ρo, 
and δ are solved for, is obtained. i = 1, 2,…,20 kPa corresponds to the pressurisation of the tube. The 
whole procedure is expressed in (19).  Integrals for P and Fred with substituted (7) were handled 
numerically with 200 integration points per thickness of the tube in Maple 17. NPLSolve (nonlinear 
programming) command was used. The square in (18) ensures a convexity of the problem. 
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( ) ( )2                                                 for  0 1 2 20  , , , ...,SIMQ i P i i kPa= − =    (18) 

( )( ) ( ){ } ( ) ( ) ( ){ }20 20

00
0         , ,SIM

red i o z ii
Minimize Q i F i r i r i iζλ

==
∧ = →     (19) 

 

2.5 WHGO, WGOH, WHS and WHND parameters estimation 

Simulated mechanical response (2.4) was used in the nonlinear regression to obtain estimates of 
material parameters for WHGO, WGOH, WHS and WHND. Similar to (2.4), it was also based on the 
minimisation of the constrained objective function, QREG (20). Here PEXP and PMOD, respectively, 
denote prescribed inflation pressures and pressures predicted by (16) with yet unknown material 
parameters and the geometry substituted from (2.4). Fred

MOD denotes predicted axial force. qF expresses 
borders of axial force. Note that, theoretically Fred is zero, which is however satisfied with some 
numerical accuracy. The problem was again solved in Maple 17 employing the NLPSolve command 
and 200 integration points per thickness of aortic wall were used. We would like to point out that in 
contrast to (19), where one objective function subjected to the constraining equation is minimised 21-
times, (21) is the system of one objective function subjected to 21 double-sided inequalities.   

( )
20 2

0

n
REG EXP MOD

i i
i

Q P P
=

=

= −∑          (20) 

( ) ( ){ } { }20

0
        material parametersREG MOD

F red F i
Minimize Q q F i q

=
∧ − < < →    (21) 

 

2.6 Correlation with age and goodness of fit 

For each aorta, goodness of fit obtained in nonlinear regression was evaluated by means  
of the coefficient of determination RCD

2 computed for predicted pressures;  
RCD

2 = 1 – (residual sum of squares)/(total sum of squares). The linear correlation coefficient RLC was 
computed for all sets of identified parameters to assess their dependence on age. It was supplemented 
by the test of the hypothesis H0: RLC = 0 (against alternative HA: RLC ≠ 0) based on the statistics  
T =  RLC[(17 – 2)/(1 – RLC

2)]½. Shapiro-Wilk test was employed to test the hypothesis that the data 
follows normal distribution. Results were considered to be statistically significant at the level 0.05. 
Some elementary functions (a∙x + b, a∙exp(b∙x), a∙ln(x) + b, a∙xb, abx) were used to describe 
dependence of estimated material parameters on age (x = age [years]). The capability to predict age-
related changes in material parameters was assessed with RCD

2.  

  

 

3. RESULTS 

3.1 Simulated response 

The  results of the 17 analytical inflation-extension simulations of human abdominal aorta were 
computed and subsequently used to be fitted by other four models of the strain energy density 
function. Unloaded dimensions and material parameters adopted from the literature (Labrosse et al., 
2013) are listed in Table 1. Computed stress-free radii and axial stretch accompanying motion from 
stress-free to unloaded geometry are also listed here. Obtained values for radii and axial stretches were 
subsequently substituted to the equations (16) and (17) to check the accuracy of the solution. It was 
found that in all cases (17 aortas and 21 internal pressures),  the difference between prescribed 
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pressure and simulated response satisfied |prescribed – simulated| < 0.0000001 kPa and maximum 
difference of computed reduced axial force from zero was 0.0002 mN. 

 
Figure 2. Inner pressure predicted by structurally-motivated models WHGO, WGOH, WHS, WHND and simulated by 
WGMW. Points represent inflation-extension data obtained from simulation based on Labrosse et al. (2013). 
Although all models mutually correspond well (see coefficients of determination in Tables 2, 3, 4 and 5), one can 
see that limiting extensibility models somewhat overestimate pressures at infra-physiological loading.  This is the 
case in particular of F65, M57, M67b, and M77. 

 

3.2 Estimated material parameters 

Material parameters for structurally-motivated constitutive models obtained in the nonlinear regression 
are respectively listed for the WHGO model in Table 2, for WGOH in Table 3, for WHS in Table 4, and for 
WHND in Table 5. Mean values for the set of 17 aortas are quoted either as an average or a median 
depending on whether the data follows normal distribution. Similarly, variability is characterised 
either with sample standard deviation (SD) or by lower and upper quartile.  

Figure 2 depicts inflation-extension response of abdominal aortas (points) and predictions given by 
studied models. All models fit the response well. There are some cases where RCD reached values 
higher than 0.9999. Comparing models by RCD

2, one finds that the best fits are obtained by WGOH and 
that exponential models are slightly better than limiting extensibility ones. Especially in F65, M57, 
M67b, and M77, limiting extensibility models somewhat overestimate pressures in infra-physiological 
conditions. However, it has to be pointed out that none of the presented models give a prediction 
worse than RCD

2 = 0.99.   

Figure 3 depicts unbalanced force predicted by models WHGO, WGOH, WHS and WHND. It is  better to 
say this is the difference from the condition Fred = 0 which was prescribed in the nonlinear regression. 
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As expressed in the integral (17),  Fred is the force acting on closed ends of the tube additionally to the 
pressure generated force. Labrosse et al. (2013) conducted their experiments without additional axial 
prestretching, thus the satisfaction of this condition is another criterion of the quality of a model. Zero 
“observed” force, however, implies singularity in RCD

2 computed for the force. In such a case, one 
could hypothesise  that the lower the deviation from zero, the better the model is.    

From Figure 3, it is clear that exponential models are better than limiting extensibility ones and that 
introduction of fibre dispersion into the strain energy density significantly decreases deviation of the 
force from zero.  

 
Figure 3. Unbalanced axial force predicted by models. Axial force, Fred, acting on the ends of tube additionally 
to the force generated by internal pressure acting on the cross-section of the tube’s plugs, is prescribed to be 
zero. This condition was, however, not satisfied perfectly in nonlinear regression. Clearly, addition of the 
dispersion of fibres into the models of the strain energy density improved predictions about one order of the 
magnitude. Nevertheless, it is worth noting that the force of  100 mN corresponds to the weight of 10g which in 
true experiment (consider vertical configuration of pressurised tube) could be more that the mass of the sample 
itself which effect is usually neglected. 

 

3.3 Correlation with age 

The results of correlation analysis are presented in Table 6. None of the treated models reached 
significant correlation between age and µ representing isotropic matrix (|RLC| < 0.25 and thus is far 
from significance considering that the number of samples is 17). The correlation coefficient between 
age and the orientation of preferred directions β is negative but also did not reach statistical 
significance. Also insignificant is  the correlation obtained for fibre dispersion characterised by κ.  
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Table 2. Material parameters of WHGO. In the last column, descriptive statistics of location and dispersion for 
data set of all samples are listed. There are two rows in case that Shapiro-Wilk test confirmed normality (mean ± 
sample standard deviation). In case that data does not follow normal distribution, there are three rows 
respectively expressing median, lower quartile, and upper quartile. The line entitled |Fred| expresses descriptive 
statistics of obtained absolute values of the reduced axial force for 21 pressures used in the regression. The last 
cell is computed for the set of 17x21 forces. 

ID F49 F50 F63 F65 M38 M42 M57 M60 M61a M61b M66 M67a M67b M70a M70b M71 M77 Location 
Dispersion 

µ [kPa] 4.621 1.357 27.18 0.1 24.39 0.4424 0.1 11.81 0.1 13.96 35.55 0.1 0.1 5.551 24.35 0.1 0.1 
1.357 
0.1 

17.42 

k1 [kPa] 20.06 49.54 41.78 9.063 19.28 21.88 4.371 17.57 49.45 11.37 25.72 41.95 61.02 67.45 17.31 94.49 26.65 34.06 
±24.18 

k2 [-] 4.105 7.438 3.286 5.869 3.216 0.6213 4.866 3.178 26.74 8.045 7.647 22.00 38.36 7.022 22.86 9.262 39.30 
7.438 
3.832 
22.29 

β  [°] 39.95 36.67 39.86 39.36 41.60 38.34 41.11 43.16 37.55 41.95 38.85 38.18 37.05 35.49 39.69 37.65 38.23 39.10 
±2.039 

RCD2 [-] 0.9929 1.000 1.000 0.9999 0.9994 0.9980 0.9995 0.9997 1.000 0.9980 0.9960 0.9925 0.9994 0.9998 0.9987 0.9917 0.9944 
0.9994 
0.9955 
0.9998 

∣Fred∣ [mN]  
Dispersion 

30.79 
±16.58 

8.270 
±4.934 

24.26 
±13.12 

14.30 
6.517 
18.74 

16.08 
4.201 
26.71 

22.94 
11.73 
29.01 

28.24 
14.20 
37.37 

34.48 
±17.92 

20.50 
±11.47 

22.93 
±13.90 

28.30 
±19.70 

33.14 
±17.74 

11.04 
±5.973 

0.6554 
0.3287 
1.490 

24.39 
±14.70 

56.52 
±30.93 

20.78 
±10.76 

19.66 
7.559 
33.83 

 
 

Table 3. Material parameters of WGOH. The table is arranged in the same way as Table 2. 

ID F49 F50 F63 F65 M38 M42 M57 M60 M61a M61b M66 M67a M67b M70a M70b M71 M77 Location 
Dispersion 

µ [kPa] 11.55 8.112 28.78 0.1 15.90 0.2309 0.1 10.67 9.065 5.247 20.68 15.81 23.24 18.91 1.399 40.29 2.651 12.51 
±11.32 

k1 [kPa] 63.05 76.69 113.8 17.76 78.49 29.66 14.94 55.98 166.9 100.5 116.5 209.0 325.0 123.4 310.9 253.1 153.8 130.0 
±95.79 

k2 [-] 7.927 11.58 5.953 8.780 4.991 0.7220 9.454 7.777 76.94 22.58 15.43 66.36 192.3 12.59 84.29 21.09 110.5 
12.59 
7.877 
69.89 

β  [°] 38.18 35.16 38.99 38.39 41.41 37.39 39.73 44.36 35.95 42.83 38.39 36.42 33.11 32.18 39.60 34.60 37.31 37.88 
±3.230 

κ [-] 0.1874 0.0956 0.1688 0.1115 0.1875 0.0718 0.1819 0.2016 0.1797 0.2460 0.1820 0.2074 0.2301 0.1265 0.2573 0.1797 0.1935 0.1770 
±0.05045 

RCD2 [-] 0.9999 1.0000 0.9997 1.0000 0.9997 0.9971 0.9999 0.9966 0.9999 0.9998 0.9999 0.9998 0.9987 0.9999 0.9998 0.9999 0.9998 
0.9998 
0.9997 
0.9999 

∣Fred∣ [mN]  
Dispersion 

3.078 
±1.635 

3.584 
1.666 
4.568 

3.227 
1.426 
4.577 

2.153 
±1.595 

2.675 
1.901 
4.566 

3.558 
2.074 
4.674 

3.134 
±1.595 

6.143 
3.048 
8.183 

2.429 
±1.262 

2.974 
1.326 
4.545 

2.810 
1.073 
4.257 

0.6487 
0.2963 
0.8548 

3.893 
1.906 
4.873 

7.299 
3.988 
9.501 

6.524 
±3.083 

6.497 
±3.101 

3.161 
±1.569 

3.483 
1.464 
4.964 

 
 

Table 4. Material parameters of WHS. The table is arranged in the same way as Table 2. 

ID F49 F50 F63 F65 M38 M42 M57 M60 M61a M61b M66 M67a M67b M70a M70b M71 M77 Location 
Dispersion 

µ [kPa] 7.463 0.1 28.65 0.1 18.84 0.1 0.1 15.16 0.1 2.029 32.41 0.1 0.1 6.989 0.6294 0.1 0.1 
0.1 
0.1 

10.03 

ν [kPa] 26.33 61.48 45.51 20.36 27.69 23.53 16.88 21.18 76.29 28.83 33.52 70.60 113.6 70.23 54.19 99.38 69.16 50.52 
±29.40 

Jm [-] 0.5026 0.2460 0.4790 0.4986 0.6295 2.385 0.7709 0.6117 0.0868 0.3755 0.2453 0.1144 0.07372 0.2234 0.1482 0.1622 0.08373 
0.2460 
0.1370 
0.5390 

β  [°] 39.85 36.84 39.84 39.40 41.61 38.36 41.18 43.30 37.61 41.78 38.98 38.16 36.98 35.43 39.66 37.65 38.43 39.12 
±2.034 

RCD2 [-] 0.9954 0.9982 0.9990 0.9894 0.9975 0.9989 0.9794 0.9934 0.9944 0.9902 0.9938 0.9958 0.9913 0.9953 0.9910 0.9850 0.9889 0.9928 
±5.189E-3 

∣Fred∣ [mN]  
Dispersion 

34.18 
±18.65 

15.95 
14.12 
19.36 

24.87 
±13.05 

16.14 
±10.56 

24.81 
±12.90 

21.17 
10.31 
27.12 

54.87 
28.48 
67.61 

31.95 
±15.58 

28.30 
±16.95 

67.91 
±39.98 

35.63 
±20.40 

43.40 
±23.77 

22.56 
±11.82 

12.06 
7.170 
16.36 

68.48 
33.06 
92.19 

59.08 
±32.38 

81.07 
64.50 
88.21 

28.87 
15.07 
51.36 

 

 

http://dx.doi.org/10.1016/j.jmbbm.2014.05.021


 
 Horný L, Netušil M, Daniel M. (2014)  Limiting extensibility constitutive model with distributed fibre orientations and 
ageing of abdominal aorta. Journal of the Mechanical Behavior of Biomedical Materials, 38:39-51.  
DOI: 10.1016/j.jmbbm.2014.05.021 MANUSCRIPT VERSION http://dx.doi.org/10.1016/j.jmbbm.2014.05.021  
 

13 
 

Table 5. Material parameters of WHND. The table is arranged in the same way as Table 2. 

ID F49 F50 F63 F65 M38 M42 M57 M60 M61a M61b M66 M67a M67b M70a M70b M71 M77 Location 
Dispersion 

µ [kPa] 4.884 3.456 28.04 0.1 15.04 0.2514 0.1 8.518 1.952 5.838 14.40 12.19 11.94 8.561 0.1 32.28 0.1 
5.838 

0.2010 
12.92 

ν [kPa] 85.01 83.81 123.9 41.25 88.42 31.52 57.18 109.8 223.1 143.3 169.2 289.8 405.4 90.41 484.4 268.0 372.0 
123.9 
84.61 
275.3 

Jm [-] 0.2314 0.1794 0.2371 0.2601 0.2987 1.971 0.2464 0.2155 0.03196 0.08530 0.09758 0.02917 0.02123 0.2422 0.02236 0.07478 0.01801 
0.1794 

0.03103 
0.2436 

β  [°] 38.51 35.87 38.99 37.92 41.40 37.37 38.37 45.06 36.38 43.01 38.36 36.47 34.87 35.01 39.68 35.18 36.93 38.20 
±2.289 

κ [-] 0.1872 0.0691 0.1711 0.1440 0.1906 0.0728 0.2371 0.2421 0.1657 0.2536 0.2001 0.2113 0.1910 0.0230 0.2677 0.1703 0.2234 0.1777 
±0.06791 

RCD2 [-] 0.9995 0.9983 0.9997 0.9916 0.9996 0.9983 0.9851 0.9995 0.9961 0.9951 0.9998 0.9976 0.9924 0.9968 0.9976 0.9999 0.9935 
0.9976 
0.9946 
0.9996 

∣Fred∣ [mN]  
Dispersion 

3.284 
1.513 
4.438 

3.370 
1.526 
4.560 

3.327 
1.734 
4.265 

2.767 
±1.620 

2.623 
±1.615 

3.639 
2.180 
4.948 

13.76 
6.000 
18.41 

3.279 
1.858 
4.313 

3.175 
±1.597 

5.166 
2.131 
7.024 

3.086 
±1.611 

3.581 
2.056 
4.712 

18.50 
10.81 
23.87 

3.220 
1.987 
23.87 

9.974 
±6.187 

7.266 
3.920 
8.595 

3.694 
±2.287 

3.872 
2.062 
5.042 

 

The parameters scaling nonlinear functions in the models (k1 and ν) significantly increase in the 
linear statistical model with advancing age except WHGO (WHGO: RLC = 0.346, p value = 0.174; WGOH: 
RLC = 0.570, p value = 0.018; WHS: RLC = 0.531, p value = 0.033; WHND: RLC = 0.636, p value = 0.006). 
Nonlinear coefficients, k2 governing abruptness of the large strain stiffening and Jm expressing limiting 
extensibility, reached statistical significance in all models where they are present. Due to their different 
mathematical nature, k2 increases with age (WHGO: RLC = 0.577, p value = 0.016; WGOH: RLC = 0.482, p 
value = 0.05), whereas Jm decreases (WHS: RLC = -0.640, p value = 0.006; WHND: RLC = -0.567, p value 
= 0.018).   

Table 7 contains parameters of elementary functions used to describe age-related changes of 
constitutive parameters k1, k2, ν and Jm. The best results were in all cases obtained by abx, where x 
stands for age in years. Figure 4 displays the evolution of limiting extensibility parameter Jm in ageing. 
Although Jm is the constitutive parameter, the geometrically relevant information is in the expression 
Jm

½  + 1. Its evolution is thus depicted rather than Jm. 

 

Table 6. Correlation between age and constitutive parameters. Bold typesetting indicates statistical significance 
at the level 0.05.  

Model Parameters 

WGMW c1 c2 c3   
RLC -0.469 0.511 0.596   

p value 0.058 0.038 0.012   
WHGO µ k1 k2 β  
RLC -0.059 0.346 0.577 -0.319  

p value 0.820 0.174 0.016 0.212  
WGOH µ k1 k2 β κ 
RLC 0.235 0.570 0.482 -0.305 0.384 

p value 0.364 0.018 0.05 0.234 0.129 
WHS µ ν Jm β  
RLC -0.127 0.531 -0.640 -0.317  

p value 0.638 0.033 0.006 0.230  
WHND µ ν Jm β κ 
RLC 0.150 0.636 -0.567 -0.288 0.242 

p value 0.568 0.006 0.018 0.262 0.350 
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Figure 4. Evolution of limiting extensibility in ageing. Left panel displays Jm

½ + 1 obtained with WHS and right 
one in WHND. Solid regression curves are used in the interval from 38 to 77 years whereas dotted curves indicate 
the area of extrapolation. Note that Jm

½ + 1 showed the highest linear correlation with age: RLC = -0.7032 with p 
value < 0.001 for WHS, and RLC = -0.6687 with p value < 0.002 for WHND. 

 

4. DISCUSSION AND CONCLUSION 

The objective of the present study was to numerically characterise microstructurally-motivated 
constitutive models of the human abdominal aorta suitable for description of mechanical response 
under a multiaxial state of stress (inflation-extension of the thick-walled tube). Four different 
anisotropic hyperelastic constitutive models were used. Two invariant-based exponential-type strain 
energy density functions (WHGO – Holzapfel et al., 2000; WGOH – Gasser et al., 2006) were employed 
because they are probably the most frequently used in computational biomechanics at present. Horny 
et al. (2013a) have recently shown the concept of limiting extensibility is suitable to be used in the 
description of age-related changes in the mechanical behaviour of human arteries. Hence, WHGO and 
WGOH were supplemented by two limiting fibre extensibility models. Particularly, it was the strain 
energy suggested by Horgan and Saccomandi (2005), WHS, and the second one is used for the first time 
in our study, WHND, and combines the idea of finitely extensible reinforcing fibres with a dispersion of 
fibre orientations.    

The models were calibrated to an inflation-extension response obtained in the simulation which 
adopted material parameters and geometries published by Labrosse et al. (2013) who, however, used a 
purely phenomenological strain energy density function of the Fung-type, WGMW. The results of the 
simulation were used in the model calibration instead of the experimental data because Labrosse et al. 
(2013) did not include experimental curves into their paper. The simulation as well as the subsequent 
regression analysis were based on the theory of the residually-stressed nonlinearly-elastic, anisotropic 
thick-walled tube. The coefficient of determination confirmed that all used models predict inflation 
pressures well (RCD

2 > 0.99 in all cases).    

The present study delivers to readers three main points.  The first is that anisotropic limiting 
extensibility models are suitable to describe the inflation-extension behaviour of the human aorta. For 
this reason, they provide an alternative to the models based on exponential function capturing large 
strain stiffening ascribed to the engagement of collagen fibres to a load-bearing process which are 
predominantly used in biomechanics. To the best of our knowledge, this is the first study presenting 
specific numerical values of limiting extensibility models for human arteries obtained at 3D stress 
states. 

For the sake of completeness, it has to be said, however, that in the direct comparison of WHGO and 
WHS, and WGOH and WHND, which create pairs of the strain energies mutually corresponding in the 
mathematical handling of anisotropy, exponential models satisfied both predictions of the internal 
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pressure and zero reduced axial force slightly better than limiting extensibility models. The mean 
values for RCD

2 are 0.9994 for WHGO and 0.9928 for WHS. In case of the models with fibre dispersion, 
RCD

2 = 0.9998 for WGOH, and RCD
2 = 0.9976 for WHND were obtained. The same conclusion can be 

derived from Figure 3 displaying deviation from the condition Fred = 0. Comparing Figure 2 and 
Figure 3, it is also clear how the fibre dispersion contributed to the description of mechanical response. 
Its inclusion led to significant improvement of the satisfaction Fred = 0. On the other hand, slightly 
better fits obtained by exponential-type models are not surprising when one considers that the data 
generated by another exponential-type model serves as an etalon.  

Here it is worth noting that theoretically it could be better to formulate (21) as a single-valued 
objective function in the form QREG = wPΣ(PEXP – PMOD)2 + wFΣ(Fred

MOD)2 where wP and wF are some 
weights. In such a case, no constraining inequality would be necessary. In fact, it was our first choice 
but the problems with appropriately estimating of wF were encountered in some aortas and we were 
not able to effectively solve them with the available software. This is why (21) was formulated as a 
constrained optimisation. The constrained optimisation, however, led to reduced axial force which, at 
the first sight, could appear rather large. It will be useful to estimate the magnitude of axial forces 
acting in a closed pressurised tube and compare them with what here we call unbalanced force 
(deviation from the condition Fred = 0; Figure 3). Consider, for instance, that when one conducts an 
inflation-extension experiment with a sample of the human abdominal aorta in a vertical configuration 
(the sample hanging from a stand) and compute the gravity force of the sample itself. Using mean 
middle radius 7.73 mm (Table 1), mean thickness 1.42 mm (Table 1), minimal length of the sample as 
50 mm and 0.001 gmm-3 as the lower bound for the density of the artery wall, the obtained gravity 
force is approximately 34 mN which is higher than the highest mean value of |Fred| obtained in our 
study (it is 29 mN for WHS). Gravity force of the sample itself is, however, usually neglected.  
Moreover, considering axial force intrinsically present in the problem, the force generated the pressure 
at closed ends of the tube, for the same middle radius and thickness (disregarding of the deformation) 
as above, at physiological pressure 13.3 kPa one obtains the force of approx. 916 mN. The existence 
of this force is captured by the model and differences from  condition Fred = 0 are lower than this force 
at about one order of the magnitude. This leads us to consider the imperfect predictions of axial force 
to be acceptable. 

The second point is that the mean orientation of reinforcing fibres, or more precisely the orientation 
of preferred directions, does not change with age. Correlation coefficients in Table 6 support this 
conclusion. Although based on the coefficients themselves, one could expect a slight decrease of the 
inclination from circumferential axis during ageing  (-0.319 < RLC < -0.288), p values suggest we 
cannot reject the random effects against age-related trend (0.212 < p value < 0.262).  Our conclusion is 
supported by results known from the literature (Table 1 in Roccabianca et al., 2014; Table 4 in 
Hasskett et al., 2010; Table 4 in Weisbecker et al., 2012). The data also suggest there is no statistically 
significant age-related trend in the fibre dispersion expressed with κ. Here we would like to point out 
that the Two-sample t-test and Two-sample paired t-test were performed for β obtained by WHGO and 
WGOH, and also for WHS and WHND. The results showed that although mean values of β in WHGO and 
WGOH samples as such differ insignificantly from a statistical point of view, when pairs related to 
specific donor are considered, the mean value of β in WHGO and in WGOH differ significantly (the same 
apply for WHS and WHND). This should not be a surprise, but it was conducted to make sure that the 
estimation of parameters leads to what one expects considering physical interpretation of the models. 
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Table 7. Age-related changes in material parameters described by elementary functions. Symbol * indicates that 
in certain interval the model predicts negative values of the parameter. This is the consequence of the used time 
period (from 38 to 77 years) where the regression models minimize a sum of squares. Negativity would however 
lead to the loss of the convexity of W.      

 
x = age [years] a∙x + b a∙xb a∙eb∙x a∙ln(x) + b abx 

WHGO k1 [kPa] 
 

RCD2 [-] 

a = 0.7875  
b = -13.84 

0.1198 

a = 0.3800  
b = 1.035 

0.0001 

a = 7.649  
b = 2.027E-2 

0.01 

a = 41.83  
b = -137.1 

0.1110 

a = 1.019  
b = 2.843 

0.9647 

WHGO k2 [-] 
RCD [-] 

a = 0.6748*  
b = -28.46 

0.3333 

a = 1.041E-6  
b = 3.869 

0.2906 

a = 0.1028  
b = 7.119E-2 

0.3378 

a = 35.40*  
b = -132.3 

0.3013 

a = 1.016  
b = 2.630 

0.6545 

WGOH k1 [kPa] 
RCD2 [-] 

a = 5.143  
b = -182.8 

0.3254 

a = 8.323E-3  
b = 2.282 

0.2127 

a = 6.604  
b = 4.373E-2 

0.2380 

a = 271.8*  
b = -982.2 

0.2987 

a = 1.023  
b = 3.210 

0.7478 

WGOH k2 [-] 
RCD2 [-] 

a = 2.351*  
b = -104.2 

0.2327 

a = 2.065E-8  
b = 5.021 

0.1293 

a = 6.438E-2  
b = 9.193E-2 

0.1557 

a = 124.2*  
b = -469.5 

0.2136 

a = 1.020  
b = 2.978 

0.7482 

WHS ν [kPa] 
RCD2 [-] 

a = 1.468  
b = -38.78 

0.2816 

a = 6.003E-2  
b = 1.606 

0.2297 

a = 6.687  
b = 3.052E-2 

0.2536 

a = 77.72 
b = -267.5 

0.2593 

a = 1.021  
b = 2.964 

0.7916 

WHS Jm [-] 
RCD2 [-] 

a = -3.280E-2*  
b = 2.444 

0.4097 

a = 2.925E5 
b = -3.381 

0.3392 

a = 12.86 
b = -6.248E-2 

0.3664 

a = -1.825* 
b = -7.918 

0.4167 

a = 0.9937  
b = 2.165 

0.8558 

WHND ν [kPa] 
RCD2 [-] 

a = 8.229* 
b = -320.1 

0.4042 

a = 2.557E-3 
b = 2.659 

0.3480 

a = 6.508 
b = 4.993E-2 

0.3897 

a = 431.3* 
b = -1584 

0.3648 

a = 1.024 
b = 3.305 

0.5608 

WHND Jm [-] 
RCD2 [-] 

a = -2.425E-2* 
b = 1.726 

0.3211 

a = 1.075E7 
b = -4.487 

0.2568 

a = 17.47 
b = -8.270E-2 

0.2792 

a = -1.370* 
b = 5.858 

0.3369 

a = 0.9895 
b = 2.156 

0.8476 

 

 

The last, and simultaneously, the main point  is in Figure 4 and says that limiting extensibility is the 
concept which is, through parameter Jm, highly sensitive to age-related changes in the biomechanics of 
arterial wall. In other words, the maximum extensibility expressed by Jm

½ + 1 significantly decreases 
during ageing and found correlation coefficients are the highest ones obtained in our study  
(RLC = -0.7032 with p value < 0.001 for WHS, and RLC = -0.6687 with p value < 0.002 for WHND). This  
presented conclusion is in accordance with results obtained by Horny et al. (2013a), Horgan and 
Saccomandi (2003a), and Destrade et al. (2009) who adopted isotropic model WG. Our study thus 
extends the conclusion from limiting chain extensibility used in uniaxial stress state to limiting fibre 
extensibility at multiaxial stress state of anisotropic material. Specific numerical values of Jm obtained 
in our study correspond well to data known from the literature for human tissues although it has to be 
noted that only a limited number of studies employing this concept  exist (Horgan and Saccomandi, 
2003a; Destrade et al., 2009; Horny et al., 2013a).  Horny et al. (2013a) summarised it into the 
inequality 0 < Jm < 2.5 which is also satisfied by our results.     

Finally, this study presents new sets of microstructurally-motivated material parameters for the 
human abdominal aorta which can be used in computational simulations devoted to the effect of 
mechanical environment on ageing, adaptation and remodelling of the artery wall. The authors also 
hope that the study will inspire further research focusing on, for instance,  the  mutual relation between 
the herein presented limiting extensibility parameters and the inter- and intra-constituent interactions 
in the tissue (intra-molecular, inter-molecular, and inter-fibrillar crosslinking) which would allow not 
only to describe but also to explain age-related changes in the constitutive behaviour.        
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