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Abstract: In the present study, inflation tests with free axial extension of 15 human vena saphena
magna were conducted ex vivo to obtain data suitable for multi-axial constitutive modeling at
overloading conditions (pressures up to approximately 15 kPa). Subsequently the data were fitted with
a hyperelastic, nonlinear and anisotropic constitutive model based on the theory of the closed thickwalled tube. It was observed that initial highly deformable behavior (up to approximately 2.5 kPa) in
the pressure–circumferential stretch response is followed by progressive large strain stiffening.
Contrary to that, samples were much stiffer in longitudinal direction, where the observed stretches
were in the range 0.98 – 1.03 during the entire pressurization in most cases. The effect of possible
residual stress was evaluated in a simulation of the intramural stress distribution with the opening
angle prescribed to 0°, 10°, 20°, 30°, 40°, and 50°. The result suggests that the optimal opening angle
making the stress distribution through the wall thickness uniform is about 40°. The material
parameters presented here are suitable for use in mechanobiological simulations describing the
adaptation of the autologous vein wall after bypass surgery.
Keywords: anisotropy; bypass graft; collagen; constitutive model; saphenous vein; strain energy
density.
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1. Introduction
Autologous saphenous vein grafts are used in both coronary and peripheral bypass surgery as the gold
standard (Perera et al., 2004; Canver, 1995). Their properties are, however, optimized for a mechanical
environment very different from arterial conditions. Immediately after the surgery, remodeling
processes are triggered and the vein adapts to the elevated blood pressure, flow rate and oscillatory
wall shear stress. As an undesirable effect of the changed conditions, the patency of the graft may be
substantially compromised by an intimal hyperplasia or thrombosis (Fitzgibbon et al., 1996; Hwang et
al., 2012).
Much work is now being done to deepen our knowledge of the mechanobiology of graft
remodeling, but this process is still not completely understood (Tran-Son-Tay et al., 2008; Hwang et
al., 2012; Hwang et al., 2013; Sassani et al., 2013). The adaptation to the changed conditions leads not
only to a change in the diameter and thickness of the graft wall, but also to a changed internal structure
and thus a change in the constitutive equation expressing the mutual relation between stress and strain
(Hwang et al., 2012). Moreover, not only the wall shear stress, but also changed intramural stresses
initiate the remodeling (Eberth et al., 2011; Humphrey et al., 2009). Besides the overall effect of
elevated blood pressure, there are local stress concentrations in artery-graft anastomoses caused either
by the specific geometry of the anastomosis or by a general compliance mismatch (Ballyk et al., 1998;
Cacho et al., 2007).
In contrast to the work done on arteries, there have been only a few papers describing the multiaxial mechanical response of veins within the framework of nonlinear elasticity (Desch
and Weizsäcker, 2007; Cacho et al., 2007; McGilvray et al., 2010; Sokolis, 2013; Zhao et al. 2007).
Probably, the most comprehensive study of mechanical properties of saphenous veins has been
provided by Donovan et al. (1990). They however used a uniaxial tensile test, which imposes certain
limitations on their data when used to construct 3D constitutive equations of a nonlinear anisotropic
material (Holzapfel, 2006). There are also papers reporting pressure–diameter relationships, but
without arriving at the constitutive equations (Stooker et al., 2003; Wesly et al., 1975).
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The main goal of our study is to find constitutive equations for the multi-axial state of stress
suitable for describing the passive nonlinear anisotropic mechanical behavior of human vena saphena
magna. Our approach is based on the strain energy density function suggested by Holzapfel et al.
(2000). Experimental data were obtained in ex vivo inflation tests (with free axial extension) conducted
with samples obtained from fifteen donors.

2. Material and Methods
2.1 Material
Human great saphenous veins for inflation-extension tests were collected either during coronary-artery
bypass surgery conducted at the General University Hospital in Prague (obtained with informed
consent) or during autopsies conducted at the Department of Forensic Medicine of the Third Faculty
of Medicine of Charles University in Prague within 24 hours after death. The experimental protocol
was approved by the institutional Ethical Committees. Collected veins were placed in the
physiological solution and tested in three hours after excision. The segment of the vein without side
branches and of minimal length 40 mm was cut from a body. Surrounding connective tissue and fat
were removed from the graft material before mechanical testing. Only the veins with no substantial
deviation from circular cylindrical geometry were included into the study. Prior to the mechanical
testing, two rings were cut out from the tissue at both ends, and the mean reference dimensions of the
samples (external radius, thickness) were determined by means of image analysis of digital
photographs (Nis-Elements, Nikon Instruments Inc., NY, USA).

2.2 Inflation-extension test
Each specimen was marked with a black liquid eye-liner, cannulated at one end and hung vertically in
the experimental setup (Fig. 1). The experimental protocol consisted of four pre-cycles to stabilize the
mechanical response (preconditioning), and a fifth cycle was used in the data analysis. Pressurization
was performed in the range from 0 up to ≈15 kPa using a motorized syringe (Standa Ltd, Vilnius,
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Lithuania). The intraluminal pressure was monitored by pressure transducer (Cressto s.r.o, Czech
Republic). The deformed geometry was recorded by a CCD camera (Dantec Dynamics, Skovlunde,
Denmark). In the data post processing, changes in the length between the black marks (Fig. 1) and
average changes in the silhouette (also between the marks to avoid end effects) were determined by
the edge detection algorithm in Matlab (MathWorks, MA, USA). They were used to compute axial
stretch ratio z and circumferential stretch ratio at the outer radius (ro). The experiments were
performed at room temperature (22°C).

2.3 Theoretical framework
2.3.1 Kinematics
The vein was considered to be a homogeneous, incompressible cylindrical thick-walled tube. The
kinematics of the experiment was modeled as simultaneous inflation and extension, in which the
material particle located in the reference (stress free) configuration in the position X = (R, Θ, Z) is
mapped by the deformation into the position x = (r, , z) in the current configuration, according to
equation (1).

r  r  R

   z  z Z

(1)

The situation is depicted in Fig. 2. Here Ro and Ri respectively denote the outer and inner radius in
the reference configuration (Ri ≤ R ≤ Ro) and ro and ri in the deformed configuration (ri ≤ r ≤ ro). By
analogy, H and h denote thickness of the tube and L (0 ≤ Z ≤ L) and l (0 ≤ z ≤ l) denote its length
measured between the marks.
The deformation gradient F = ∂x/∂X is then described by equation (2). Here the longitudinal stretch
ratio was considered to be uniform. The assumption of incompressibility is expressed via the
kinematical constraint detF = 1, which allows us to write r also as r = 1/(z).
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It is useful to express the incompressibility condition by means of the radius and the length:

L(Ro2 – Ri2) = l(ro2 – ri2). This was used to compute the inner radius during the deformation. From
here, substituting Ri by R and ri by r, we also arrive at R = R(r) required in (r) expression.
2.3.2 Constitutive model
The material of vena saphena magna was considered to be an anisotropic hyperelastic continuum
characterized by the strain energy density function W proposed by Holzapfel et al. (2000). The
anisotropy arises from two families of preferred directions (interpreted as the orientation of the
collagen fibers) symmetrically disposed with respect to the circumferential axis. This is expressed
mathematically in equation (3).

W  Wisotropic  Wanisotropic 
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This expression consists of a neo-Hooke term with a stress-like material parameter μ > 0. I1 is the first
invariant of the right Cauchy-Green strain tensor C, C = FTF. The specific mathematical expression of
I1 is in (4). The neo-Hooke term represents the energy stored in the process of a deformation in the
whole non-collagenous matter (elastin, smooth muscle cells, proteoglycans) of the vein wall.
I1  r2  2  z2

(4)

Significant large strain stiffening of the soft tissues is ascribed to the collagen fibrils, and is
modeled in (3) by an exponential function with stress-like parameter k1 > 0 and dimensionless k2 > 0.
I4 and I6 are additional strain invariants arising from the existence of two preferred directions. In our
case (no shear strain, and collagen fibrils creating helixes in the surfaces characterized by
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R = constant), they can be expressed by equation (5). Here  denotes the inclination from the
circumferential axis (the second helix runs with angle –, but due to the symmetry only equation (5) is
necessary).
I 4  I 6  2 cos2   z2 sin 2 

(5)

Finally, the constitutive equation for an incompressible hyperelastic material can be written in the
form of (6). Here σ denotes the Cauchy stress tensor and p is an undetermined multiplier induced by
incompressibility constraint.

σ  2F

W T
F  Ip
C

(6)

2.3.3 Thick-walled tube model
Let us denote as Ŵ the strain energy density function (3) with eliminated explicit dependence on r by
substituting r = 1/(z). Considering the boundary conditions σrr (ri) = - P and σrr (ro) = 0, the
equilibrium equations in the radial and axial direction have the form (7) and (8), respectively. Here P
denotes internal pressure and Fred is the reduced axial (prestretching) force acting on the closed end of
the tube additionally to the force generated by the pressure acting on the end (Horny et al., 2014a;
Horny et al., 2014b; Matsumuto and Hayashi, 1996).
ro
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ri

Wˆ dr
 r

ro

Wˆ
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Fred     2z
 
z

ri 

(7)


rdr


(8)

2.3.4 Determination of the material parameters
The material parameters (μ, k1, k2, β) of the constitutive model were determined by fitting model
predictions based on (7) and (8) to the experimental data. The objective function Q (9) was minimized
in Maple (Maplesoft, Waterloo, Canada). Pmod and Pexp in (9) denote the internal pressure predicted by
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(7) and measured experimentally, respectively. The same denotation applies for axial force Fred.
Neglecting the small weight of the tube’s lower plug (≈5g), Fredexp was considered to be 0. wp and wF
are weight factors. n is the number of observation points.
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exp
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j 1
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2

2



(9)

The regression analysis was divided into two steps. The isotropic response of the non-collagenous
component described in (3) by the neo-Hooke term was determined in the first step via linear
regression with experimental data restricted to the interval from 0 to approx. 0.8 kPa for all specimens.
Subsequently, all the data were fitted by the model with  held fixed from the previous step. This
approach ensures that the model will predict the behavior correctly at small strains (otherwise it may
be biased by progressive large strain stiffening of the collagen). Finally, the quality of the regression
was evaluated by normalized root mean square error RMSEPdefined as

 P
n

j 1

RMSE  P  

j

mod

 Pj exp 

2

nq

(10)

P exp

where q is the number of parameters in constitutive model and P exp is the mean of experimental
pressures for each sample.
2.3.5 Opening angle estimation
To provide qualified estimate of how large the residual strain in the venous wall could be, we
computed the intramural distribution of the circumferential and axial stress in one representative case
(donor M60a) for opening angles α = 0°, α = 10°, α = 20°, α = 30°, α = 40° and α = 50°. The method is
based on the assumption that the opened up geometry is modeled as a circular sector, as explained in
detail for instance in Chuong and Fung (1986), Rachev and Greenwald (2002), Holzapfel et al. (2000),
Horny et al. (2014a,b). Adopted approach modifies Eq. (1b) and incompressibility condition
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mentioned in 2.3.1 to the form (11a) and (11b), respectively. Here ρo and ρi denote outer and inner
radius of opened up circular sector.




 



 l  ro2  ri 2       L  o2  i2 

(11)

Values of the intramural stress gradient for P = 2.3 kPa (representative venous pressure) and P =
13.3 kPa (representative arterial pressure) were computed according equation (12). We assumed that
the optimal opening angle homogenizes the stress distribution across the wall thickness ( SRkP  1 ).

SRkP 

 kk  ri 
 kk  ro 

for k   , z and P  2.3kPa,13.3kPa

(12)

3. Results
The data collected in the experiments are summarized in Table 1. Column Mean(|Fredmod|) shows how
accurately was the axial force predicted by the model (Fredexp = 0).

Eleven samples of human

saphenous vein were collected during surgery (mean ± SD; age 55 ± 15; 7 male and 4 female; 3 donors
with varicose disease) and four in autopsy (age 65 ± 5; 3 male and 1 female; one with varicose
disease). Fig. 3 shows the loading part of the fifth inflation-extension cycle to which the constitutive
models were fitted. Model predictions were obtained by substituting the estimated parameters into the
system (7) and (8), and are depicted by continuous curves (donors with varicose disease are in red).
The models predict satisfactorily the experimental pressure-stretch data (Fig. 3 upper panel). Fig. 4
illustrates computed Fredmod, which in all cases satisfied |Fredmod| < 1 N. However, the predicted axial
stretch, shown in Fig. 3 (bottom panel), corresponds to the experiments only to a limited extent.
Computed intramural distributions of the circumferential and axial stress for donor M60a for
P = 2.3 kPa (representative venous pressure) and P = 13.3 kPa (representative arterial pressure) are
depicted in Fig. 5 with indicated numerical values of the intramural stress gradient ( SRkP ).
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4. Discussion
In our study, overloading inflation-extension tests were performed with 15 human saphenous veins.
The experiments were conducted with free axial extension of the tubes without axial pre-stretch. This
approach was chosen in order to simulate conditions after implantation of the graft in arterial system.
The experimental data were fitted by the hyperelastic nonlinear anisotropic constitutive model
proposed by Holzapfel et al. (2000). Only the passive mechanical response was modeled.
Fig. 3 shows that veins under simultaneous inflation and extension exhibit significantly smaller
deformations in axial direction than in circumferential direction. It may be a consequence of
approximately two-times smaller stresses in axial than in circumferential direction, as it is shown in
Fig. 5 for donor M60a (α = 0°, black curves). This finding is in agreement with results of Wesly et al.
(1975), who studied the pressure-strain relationship of dog jugular and human saphenous veins.
Specifically, in our study measured axial stretches are generally in the range from 0.98 to 1.03. For
samples M50, M63a, F49, M60a, F69, F66V, M60d and M63b, the range of axial deformation during
the entire pressurization period was not higher than approx. 1%. This small deformation is, however,
determined with relatively high measurement uncertainty. In the worst case, the resolution of the
digital images was 19 pixels/mm (M76). In this case, the reference distance of the longitudinal marks
was 104 pixels. Thus to obtain axial extension of 1%, it would be necessary to find marks at a distance
of 105.04 pixels. This is a change of 1 pixel. Due to this fact axial stretches in the interval from 0.99
to 1.01 are affected by experimental uncertainty which is in Fig. 3 highlighted by gray lines. In this
case, we decided to present in Fig. 3 predictions of the simulation based on (7) and (8) with substituted
(3) in which (ro) and z were also based on the model rather than solely predicting P at the
experimentally obtained stretches, which may be affected by measurement error. This approach,
however, gives somewhat different z than was measured experimentally.
Four donors with diagnosed varicose disease were included in this study in order to reveal
differences in mechanical response in comparison with healthy donors. However, we were able to
obtain only four samples which is a small number for statistical evaluation and these samples do not
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appear to behave differently. Finally, we preserved them in the study, because obtained material
parameters could be used by other authors.
In our study, it was assumed that veins are in stress-free configuration in their cylindrical geometry.
This is the most important limitation of our study, since it is well known that for instance arteries
exhibit residual stresses. Artery rings cut radially spring open to release these stresses; this is the socalled opening angle method (Chuong and Fung 1986, Rachev and Greenwald 2002, Holzapfel et al.,
2000). Zhao et al. (2007) examined the biomechanical properties of human saphenous veins at supraphysiologic pressures using the distension experiment and were able to measure the zero-stress state of
vein tissue by radially cutting open their specimens. They observed the residual opening angle around
120°. Similar results (opening angle from 90° to 130°) were obtained by Huang and Yen (1998) for
human pulmonary vein segments with diameter comparable to saphenous veins. We also tried to
measure the residual strain by the opening angle, but it was impossible with our current technical
equipment. The vein walls were so compliant that they collapsed and we could not distinguish
between forces imposed by handling and forces induced by the releasing residual stress.
However, to provide at least some qualified estimate of how large the residual stress in the venous
wall could be, the intramural distribution of the circumferential and axial stress in one representative
case (donor M60a) was computed for opening angles α = 0°, α = 10°, α = 20°, α = 30°, α = 40° and α =
50°. The computations were provided for pressure P = 2.3 kPa (representative venous pressure) and
for P = 13.3 kPa (representative arterial pressure), which is close to the pressure in great saphenous
vein in standing position (approx. 12 kPa) measured by Pollack and Wood (1949) and Neglén and
Raju (2000). The results (Fig. 5) suggest that the optimal opening angle (homogenizing the stress
distribution across the wall thickness – uniform stress or strain hypothesis; Chuong and Fung, 1986;
Takamizawa and Hayashi, 1987) could be expected about 40°. Our results of the opening angle
simulations showed that we should anticipate value higher than 0°. However, one can find higher
values in observations of Zhao et al. (2007). It is clear that the uniform stress or strain hypothesis for
saphenous veins should be addressed in future research and proven experimentally. The results also
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indicate that under arterial conditions the inner radius of the vein wall could be highly overloaded.
This is consistent with the development of intimal hyperplasia after a graft surgery.
To the best of our knowledge, this is the first study witch presents a comprehensive set of material
parameters for human saphenous veins modeled as the thick wall tube suitable for describing multiaxial stress states. They can be helpful as input in numerical simulations of the remodeling and
adaptation processes triggered after bypass surgery involving autologous vein grafts (Hwang et al.,
2012, 2013; Sassani et al., 2013).
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Fig. 1. Experimental inflation-extension test set-up (panel A), and a picture of the sample taken with a
CCD camera (panel B). The black marks were used to identify the longitudinal deformation of the
vein.
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Fig. 2. Kinematics of the deformation of the vein wall. The stress-free configuration (assumed to be
the same as the load-free configuration) and the deformed current (loaded) configuration are depicted.
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Fig. 3. The resulting pressure-circumferential stretch at the outer radius (panel A) and pressure-axial
stretch (panel B) dependences. The experimental data (dotted curves) are compared with data
predicted by the constitutive model (solid curves). The donors with varicose disease are in red. The
interval in axial stretch from 0.99 to 1.01 in panel B identified by gray lines represents bounds of
uncertainty caused by resolution of digital cameras.
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Fig. 4. The computed reduced axial force-pressure curves showing the zero axial force condition. Red
color is used for donors with varicose disease.
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Fig. 5. The simulation of the influence of opening angle α for donor M60a. The circumferential and
axial stress gradient through the vein wall for transmural pressure 2.3 kPa (panel A) and for 13.3 kPa
(panel B). Panel C displays stress gradients through the wall thickness.
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Table 1. Age and sex of the donors (F stands for female and M for male), obtained material parameters
(μ, k1, k2, β), normalized root mean square error RMSE(P) and computed mean force during
pressurization Mean(|Fredmod|) for each sample of vein.

Donor
CABG
a

b
a

b
Mean
SD

Age
[years]

Sex

Ro
[mm]

H
[mm]

Material parameters
μ
k1
k2
β
[kPa] [kPa]
[-]
[°]

63
66
27
42
69
63
60
76
50
60
49
55
15

M
F
F
F
M
M
M
M
M
M
F
-

2.89
2.12
2.32
2.78
1.14
2.05
1.80
1.98
2.33
1.92
1.86
2.11
0.48

0.83
0.49
0.88
0.80
0.59
0.76
0.53
0.57
0.57
0.47
0.39
0.62
0.16

5.5
28.4
4.0
5.7
4.2
5.6
9.9
7.0
30.7
13.7
14.1
11.7
9.1

4.0
8.4
1.5
1.4
3.0
4.5
5.9
19.3
30.3
9.3
4.2
8.3
8.4

61.7
122.1
18.2
13.5
10.8
13.6
62.2
48.2
330
85.5
43.2
73.6
87.5

72
60
60
68
65
5

F
M
M
M
-

1.78
0.92
2.14
1.80
1.66
0.52

0.71
0.28
0.42
0.48
0.47
0.18

3.1
9.5
4.4
4.2
5.3
2.5

2.3
5.0
1.4
1.0
2.5
1.6

8.8
53.5
50.5
13.1
31.5
20.6

RMSE (P)
[-]

Mean(|Fredmod|)
[N]

Pathology

40.3
39.3
43.0
43.1
44.1
42.7
39.8
36.5
38.4
38.2
41.2
40.6
2.3

0.082
0.072
0.046
0.046
0.069
0.030
0.077
0.021
0.090
0.041
0.037
0.055
0.023

9.1E-08
2.6E-08
7.0E-08
1.8E-07
8.7E-09
4.5E-08
4.4E-08
3.8E-08
5.5E-08
6.7E-08
2.9E-08
5.9E-08
4.5E-08

varicose
varicose
varicose
-

42.6
41.5
40.4
41.9
41.6
0.8

0.045
0.062
0.044
0.027
0.044
0.014

2.5E-08
6.4E-09
5.9E-08
6.1E-08
3.8E-08
2.7E-08

varicose
-

Autopsy
c
d
Mean
SD
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