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Co je to viskoelasticita

ÅViskoelasticita vs.          elastoplasticita
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Co je to viskoelasticita

ÅViskoelasticita vs.          elastoplasticita

U polymerŢ se mŢģe 

objevit mez kluzu (teļen²)

U kovŢ se objevuj² 

zpevnŊn² a deformace 

z§visl® na historii
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Å{ǳǇŜǊǇƻȊƛŎŜ ƛƴŦƛƴƛǘŜȊƛƳłƭƴƝŎƘ ȊƳŠƴ ƧŜ ƛƴǘŜƎǊŀŎŜ

() ( )t J te t sD = - D

() ( )d t J t de t s= -

() ( ) ()
t

t J t de t s t
-¤

= -ñ



[ƛƴŜłǊƴƝ viskoelasticita

Å{ǳǇŜǊǇƻȊƛŎŜ ƧŜ ƛƴǘŜƎǊŀŎƝ ƘƛǎǘƻǊƛŜ

() ( ) ()
t

t J t de t s t
-¤

= -ñ () ( ) ()
t

t J t de t s t
-¤

= -ñ
Doln² integraļn² mez je -Ð 

ļistŊ z tradice, samozŚejmŊ ģe 

s= 0 pro tÍ(-Ð,0)
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t J t J t de s t s t
+
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[ƛƴŜłǊƴƝ viskoelasticita

ÅtǊƻ ƘƭŀŘƪŞ ŦǳƴƪŎŜ s(t) ǇƝǑŜƳŜ
(integrace v wƛŜƳŀƴƴƻǾŠsmyslu)

() ( )
()t d

t J t d
d

s t
e t t

t
-¤

= -ñ

ÅIŜǊŜŘƛǘłǊƴƝ ƛƴǘŜƎǊłƭ 
(.ƻƭǘȊƳŀƴƴǻǾ(±ƻƭǘŜǊǊǻǾύ ƳŀǘŜǊƛłƭύ



[ƛƴŜłǊƴƝ viskoelasticita

ÅbŀǇǌƝƪƭŀŘ Ǿ aŀȄǿŜƭƭƻǾŠ ƳƻŘŜƭǳ ƧŜ J(t)
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[ƛƴŜłǊƴƝ viskoelasticita

ÅIŜǊŜŘƛǘłǊƴƝ ƛƴǘŜƎǊłƭ ƧŜ ƻōŜŎƴŠƧǑƝ ƴŜȌ ŘƛŦŜǊŜƴŎƛłƭƴƝ 
ǇǌƝǎǘǳǇ
ƴŜƴƝ ǘǌŜōŀ ƘƭŜŘŀǘ ƛƴǘŜǊǇǊŜǘŀŎƛ J(t) ǾŜ ǎƳȅǎƭǳ ǇǊǳȌƛƴ ŀ ǘƭǳƳƛőǻ
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t J t d
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s t
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t
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= -ñ



[ƛƴŜłǊƴƝ viskoelasticita

ÅtǊƻ ǊŜƭŀȄŀőƴƝ ƳƻŘǳƭ G(t) ǇƭŀǘƝ ǾǑŜ ƻōŘƻōƴŠ

()G ts eD = D

( )G ts t eD = - D
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[ƛƴŜłǊƴƝ viskoelasticita

ÅtǊƻ ǊŜƭŀȄŀőƴƝ ƳƻŘǳƭ G(t) ǇƭŀǘƝ ǾǑŜ ƻōŘƻōƴŠ

() ( ) ()
t

t G t ds t e t
-¤

= -ñ
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()t d

t G t d
d
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s t t

t
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= -ñ

( )d G t ds t e= -



[ƛƴŜłǊƴƝ viskoelasticita

Å5ǻǎƭŜŘŜƪ ƪƻƴǾƻƭǳŎŜ ƳŜȊƛ (G, e) a (J, s)

pro velmi mal® rychlosti deformace a napŊt² mŢģeme dokonce uvaģovat 

G a J jako navz§jem reciprok® pruģnost a poddajnost v elasticitŊ
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[ƛƴŜłǊƴƝ viskoelasticita

Å{ƴŀŘƴŞ ȊƻōŜŎƴŠƴƝ ƴŀ ǾƝŎŜƻǎŞ ǎǘŀǾȅ ƴŀǇƧŀǘƻǎǘƛ 
a deformace

Dalġ² vĨznamnĨ rozd²l proti diferenci§ln²mu pŚ²stupu
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[ƛƴŜłǊƴƝ viskoelasticita: 
ƪƻƴǎǘƛǘǳǘƛǾƴƝ ǊƻǾƴƛŎŜ

ǇǊƻ ƘŀǊƳƻƴƛŎƪŞ ȊŀǘŠȌƻǾłƴƝ



[ƛƴŜłǊƴƝ viskoelasticita

ÅhŘŜȊǾŀ Ǉǌƛ ƘŀǊƳƻƴƛŎƪŞƳ ȊŀǘŠȌƻǾłƴƝ
5a! όŘȅƴŀƳƛŎƪł ƳŜŎƘŀƴƛŎƪł ŀƴŀƭȇȊŀύ

IŀǊƳƻƴƛŎƪŞ ōǳȊŜƴƝ

Obvykle jako () 0

i tt ewe e=

() ( )0 sint te e w=



[ƛƴŜłǊƴƝ viskoelasticita

() ()

0 0

n m
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a bs e
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=ä ä() 0

i tt ewe e= ­ () * i tt ews s=­

( )* *

0E is e w=

() ( )*

0

i tt E i ews e w=

ÅhŘŜȊǾŀ Ǿ ƻōƻǊǳ ƪƻƳǇƭŜȄƴƝŎƘ őƝǎŜƭ



[ƛƴŜłǊƴƝ viskoelasticita

ÅYƻƳǇƭŜȄƴƝ E*

Å5ȅƴŀƳƛŎƪȇ Ed

ÅCłȊƻǾȇ E'
Å½ǘǊłǘƻǾȇ Eӿ 

ƳƻŘǳƭ ǇǊǳȌƴƻǎǘƛ

ǘŀƪȌŜ ǇǊƻ ƴŀǇŠǘƝ ǇƭŀǘƝ

( ) () ()*E i E iEw w w¡ ¡¡= +

2 2dE E E¡ ¡¡= +

( ) () ()( )* cos sindE i E iw w w= +

() ( )()*t E i ts w e=



[ƛƴŜłǊƴƝ viskoelasticita

ÅYƻƳǇƭŜȄƴƝ ƳƻŘǳƭ ǇǊǳȌƴƻǎǘƛ
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[ƛƴŜłǊƴƝ viskoelasticita

ÅYƻƳǇƭŜȄƴƝ ŎǊŜŜǇƻǾłpoddajnost
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1
J i

E i
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( ) () ()*J i J iJw w w¡ ¡¡= +

() ( )()*t J i te w s=



[ƛƴŜłǊƴƝ viskoelasticita
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[ƛƴŜłǊƴƝ viskoelasticita

ÅhŘŜȊǾŀ Ǉǌƛ ƘŀǊƳƻƴƛŎƪŞƳ ȊŀǘŠȌƻǾłƴƝ
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[ƛƴŜłǊƴƝ viskoelasticita

ÅhŘŜȊǾŀ Ǉǌƛ ƘŀǊƳƻƴƛŎƪŞƳ ȊŀǘŠȌƻǾłƴƝ
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[ƛƴŜłǊƴƝ viskoelasticita

ÅyŜǑŜƴƝ Ǿ [ŀǇƭŀŎŜƻǾŠobrazu
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[ƛƴŜłǊƴƝ viskoelasticita

ÅCǊŜƪǾŜƴőƴƝ ȊłǾƛǎƭƻǎǘ 

9ƭŜƳŜƴǘłǊƴƝ 
model

wŜłƭƴł Řŀǘŀ - ǇƻƭȅƪŀǊōƻƴłǘ



[ƛƴŜłǊƴƝ viskoelasticita

Å2ŀǎƻǾŠ-ǘŜǇƭƻǘƴƝ ǎǳǇŜǊǇƻȊƛŎŜ



[ƛƴŜłǊƴƝ viskoelasticita

Å2ŀǎƻǾŠ-ǘŜǇƭƻǘƴƝ ǎǳǇŜǊǇƻȊƛŎŜ



[ƛƴŜłǊƴƝ viskoelasticita

Å2ŀǎƻǾŠ-ǘŜǇƭƻǘƴƝ 
superpozice
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[ƛƴŜłǊƴƝ viskoelasticita

Å¢ŜǇƭƻǘƴƝ ŎƘƻǾłƴƝwŜłƭƴł Řŀǘŀ - ǇƻƭȅƪŀǊōƻƴłǘ



[ƛƴŜłǊƴƝ viskoelasticita

Å¢ŜǇƭƻǘƴƝ ŎƘƻǾłƴƝ



bŜƭƛƴŜłǊƴƝ viskoelasticita

±ȅōǊŀƴŞ ǇǌƝǎǘǳǇȅ ǇǊƻ ǇŜǾƴƻǳ ŦłȊƛ



9ȄǘǊŀǇƻƭŀŎŜ ƭƛƴŜłǊƴƝ ǘŜƻǊƛŜ ȊŀƭƻȌŜƴŞ ƴŀ ǇǌŜŘǇƻƪƭŀŘǳ ƳŀƭȇŎƘ ǇƻǎǳǾǻ 
ŀ ŘŜŦƻǊƳŀŎƝ ŀ ƴŀ ƳŀǘŜǊƛłƭƻǾŞ ƭƛƴŜŀǊƛǘŠ ƴŜōǳŘƻǳ ƻŘǇƻǾƝŘŀǘ ǇƻȊƻǊƻǾłƴƝΦ
WŜ ǘǌŜōŀ ōǳŘƻǾŀǘ ǘŜƻǊƛƛ viskoelasticityΣ ƪǘŜǊł ōǳŘŜ ǇǊŀŎƻǾŀǘ ǎ

ÅǘŜƴȊƻǊȅ ŘŜŦƻǊƳŀŎŜ ƪƻǊŜƪǘƴŠ ǾȅƧŀŘǌǳƧƝŎƝƳƛ ǇǌŜŎƘƻŘ 
Ȋ ǊŜŦŜǊŜƴőƴƝ Řƻ ȊŘŜŦƻǊƳƻǾŀƴŞ ƪƻƴŦƛƎǳǊŀŎŜ

Åǘƻ ǎŀƳŞ ǇǊƻ ǘŜƴȊƻǊȅ ƴŀǇŠǘƝ
ÅƪǘŜǊłΣ ǾȅƳƛȊƝ-ƭƛ őŀǎƻǾŞ ŀ ǊȅŎƘƭƻǎǘƴƝ ŜŦŜƪǘȅΣ Ƴł 
ƴŜƭƛƴŜłǊƴƝ ŜƭŀǎǘƛŎƛǘǳ Ȋŀ ǎǾǻƧ ǎǇŜŎƛłƭƴƝ ǇǌƝǇŀŘ

ÅƪǘŜǊł ƪƻǊŜƪǘƴŠ ǇǊŀŎǳƧŜ ǎ ŘŜǊƛǾƻǾłƴƝƳ ǇƻŘƭŜ őŀǎǳΣ 
ȊŜƧƳŞƴŀ ǎ ǊȅŎƘƭƻǎǘƳƛ ƴŀǇŠǘƝ



9ȄǘǊŀǇƻƭŀŎŜ ƭƛƴŜłǊƴƝ ǘŜƻǊƛŜ ȊŀƭƻȌŜƴŞ ƴŀ ǇǌŜŘǇƻƪƭŀŘǳ ƳŀƭȇŎƘ ǇƻǎǳǾǻ 
ŀ ŘŜŦƻǊƳŀŎƝ ŀ ƳŀǘŜǊƛłƭƻǾŞ ƭƛƴŜŀǊƛǘŠ ƴŜōǳŘƻǳ ƻŘǇƻǾƝŘŀǘ ǇƻȊƻǊƻǾłƴƝΦ
WŜ ǘǌŜōŀ ōǳŘƻǾŀǘ ǘŜƻǊƛƛ viskoelasticityΣ ƪǘŜǊł ōǳŘŜΧ

Åŀ ǎŀƳƻȊǌŜƧƳŠ ǾȊǘŀƘȅ ƳŜȊƛ ƴŀǇŠǘƝƳΣ ǊȅŎƘƭƻǎǘƝ 
ƴŀǇŠǘƝΣ ŘŜŦƻǊƳŀŎƝ ŀ ǊȅŎƘƭƻǎǘƝ ŘŜŦƻǊƳŀŎŜΣ ƪǘŜǊŞ ǎŜ 
ǘŀƪǘƻ ǾȅōǳŘǳƧƝΣ ƳǳǎƝ ǳȌƛǘŜőƴŠ ƻŘǇƻǾƝŘŀǘ 
ǇƻȊƻǊƻǾłƴƝ 



Rychlost deformace

tƻǇƛǎ Ǉǌƛ ǾŜƭƪȇŎƘ ŘŜŦƻǊƳŀŎƝŎƘ



wȅŎƘƭƻǎǘ ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ

Å2ŀǎƻǾł ȊƳŠƴŀ ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ
ƻŘǇƻǾƝŘł ƳŀǘŜǊƛłƭƻǾŞƳǳ ƎǊŀŘƛŜƴǘǳ ǊȅŎƘƭƻǎǘƛ
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wȅŎƘƭƻǎǘ ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ

ÅtǊƻǎǘƻǊƻǾȇ ƎǊŀŘƛŜƴǘ ǊȅŎƘƭƻǎǘƛ

ƧŜ ǘŜƴȊƻǊ ŘǊǳƘŞƘƻ ǌłŘǳΣ ƪǘŜǊȇ ǇǌŜǾłŘƝ ŜƭŜƳŜƴǘłǊƴƝ ǇƻƭƻƘƻǾȇ ǾŜƪǘƻǊ 
ƴŀ ŜƭŜƳŜƴǘłǊƴƝ ǾŜƪǘƻǊ ǊȅŎƘƭƻǎǘƛΣ ƻōŜŎƴŠ ƧŘŜ ŀƭŜ ƻ ƴŜǎȅƳŜǘǊƛŎƪȇ 
tenzor
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wȅŎƘƭƻǎǘ ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ

ÅtǊƻǎǘƻǊƻǾȇ ƎǊŀŘƛŜƴǘ ǊȅŎƘƭƻǎǘƛ
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wȅŎƘƭƻǎǘ ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ

ÅtǊƻǎǘƻǊƻǾȇ ƎǊŀŘƛŜƴǘ ǊȅŎƘƭƻǎǘƛ l a rychlost 
ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ   Ƨǎƻǳ ǎǾłȊłƴȅ F
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wȅŎƘƭƻǎǘ ŘŜŦƻǊƳŀőƴƝƘƻ ƎǊŀŘƛŜƴǘǳ

ÅtǊƻǎǘƻǊƻǾȇ ƎǊŀŘƛŜƴǘ ǊȅŎƘƭƻǎǘƛ l ƳǻȌŜƳŜ ŎƘłǇŀǘ 
Ƨŀƪƻ ƻǇŜǊłǘƻǊ őŀǎƻǾŞ ŘŜǊƛǾŀŎŜ ǇǊƻ F

=F lF

iK ij jKF l F=

l ƧŜ ƻōŜŎƴŠ ŀƭŜ ƴŜǎȅƳŜǘǊƛŎƪȇ ǘŜƴȊƻǊ



Tenzor rychlosti deformace

Å{ȅƳŜǘǊƛŎƪƻǳ őłǎǘ l ƴŀȊȇǾłƳŜ όǇǊƻǎǘƻǊƻǾȇύ ǘŜƴȊƻǊ 
rychlosti deformace d

ŀƴǘƛǎȅƳŜǘǊƛŎƪƻǳ őłǎǘ ƴŀȊȇǾłƳŜ ǘŜƴȊƻǊ ǎǇƛƴǳ 
(rychlost rotace)

= +l d w ( )
1

2

T= +d l l

( )
1

2

T= -w l l



Tenzor rychlosti deformace

ÅPozor, d ƴŜƴƝ ƧŜƴ ǇǊƻǘŀȌŜƴƝ ŀ wƴŜƴƝ ƧŜƴ ǊƻǘŀŎŜ 

=F RU

( )1sym -=d R UU R

( )1T Tantisym -= +w RR R UU R



Tenzor rychlosti deformace

ÅaŀǘŜǊƛłƭƻǾł ǊȅŎƘƭƻǎǘ ŘŜŦƻǊƳŀŎŜ 

T=E F dF

= 2C E

LK iL ij jKE F d F=

2LK LKC E=



Rychlost vektoru

ÅWŜŘƴƻǘƪƻǾȇ ƳŀǘŜǊƛłƭƻǾȇ ǾŜƪǘƻǊ A a ǇǊƻǎǘƻǊƻǾȇ 
ƧŜŘƴƻǘƪƻǾȇ ǾŜƪǘƻǊ a

l=FA a l=FA

l

l
= -la a a



wȅŎƘƭƻǎǘ ǊŜƭŀǘƛǾƴƝƘƻ ƻōƧŜƳǳ J

ÅwŜƭŀǘƛǾƴƝ ƻōƧŜƳ όǎǘƭŀőŜƴƝΣ ŜȄǇŀƴȊŜύ

det det
dv

J
dV
= = =F U TJ

J -µ
=

µ
F

F

() (): : ...TJ
J J Jdiv Jtr-µ
= = = = =
µ

F F lF d
F

v

() ()1    0    0    0J J div tr= Ý = Ú = Ú =dv



Objektivita 
őŀǎƻǾŞ ŘŜǊƛǾŀŎŜ

őƛƭƛ ƻōƧŜƪǘƛǾƛǘŀ ǊȅŎƘƭƻǎǘƛ



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅhōƧŜƪǘƛǾƴƝ ǾŜƪǘƻǊ αǎŜ Ǉǌƛ ȊƳŠƴŠ ǇƻȊƻǊƻǾŀǘŜƭŜ 
ǘǊŀƴǎŦƻǊƳǳƧŜ ǇƻŘƭŜ ǎǘŀƴŘŀǊŘƴƝŎƘ ǘǊŀƴǎŦƻǊƳŀőƴƝŎƘ 
ǇǊŀǾƛŘŜƭά ǇǊƻ ǾŜƪǘƻǊȅ

ŘǾŀ ǇƻȊƻǊƻǾŀǘŜƭŞ όŘǾŠ ǾȊǘŀȌƴŞ ǎƻǳǎǘŀǾȅύ

ŜǳƪƭŜƛŘƻǾǎƪł ǘǊŀƴǎŦƻǊƳŀŎŜ

*=Qu u

{ },O x { }*,O x* () ()     *t t t t a= + = +Qx* c x



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅtƻƭƻƘƻǾȇ ǾŜƪǘƻǊ ƧŜ ƻōƧŜƪǘƛǾƴƝ
ǳǾŀȌǳƧƳŜ ŘǾŀ ōƻŘȅ x, yǾ őŀǎŜ t                          a vektor u

v {O*, x*} pozorujeme

( )( ), ,t tx y

= -u y x

() () () () ()( ) ()* t t t t t t= - = - - = - =+Q Q Q Qu y* x* c y c x y x u



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅwȅŎƘƭƻǎǘ ƴŜƴƝ ƻōƧŜƪǘƛǾƴƝ() ()     *t t t t a= + = +Qx* c x

() ()( )T t t= -Qx x* c

( )

( )

,

,

t

t

t

t

µ
=

µ

µ
=

µ

x X
v

x* X *
v*

*

( )
() ()( ) () () ()

,t
t t t t t

t t

µ µ
= = + = + +

µ µ
Q Q Q

x* X *
v* c x c x v

*

() () () ()T Tt t t t= =-Q QW W

( )= + + -Qv* v c x* cW Q̧v



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅwȅŎƘƭƻǎǘ ŀƴƛ ȊǊȅŎƘƭŜƴƝ ƴŜƧǎƻǳ ƻōƧŜƪǘƛǾƴƝ

( )= + + - ¸Q Qv* v c x* c vW

( )( ) ( )2 2= + + - - + - ¸Q Qa* a c x* c v* c aW W W



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅhōƧŜƪǘƛǾƴƝ ǾŜƭƛőƛƴȅ ǎŜ ǘǊŀƴǎŦƻǊƳǳƧƝΧ

( ) ( )

( ) ()( )

( ) ()( ) ()

, ,

, ,

, , T

t t

t t t

t t t t

j j=

=

=

Q

A Q A Q

* x* * x

f * x* * f x

* x* * x



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅhƳŜȊƳŜ ǎŜ ƴŀ ǊƻǘŀŎŜ ǎƻǳǎǘŀǾȅ ǎƻǳǌŀŘƴƛŎ
ŀ ȊƪƻǳƳŜƧƳŜΣ Ŏƻ ǎŜ ŘŠƧŜ ǎŜ ǎǘŀǾƻǾȇƳƛ 
ǇǊƻƳŠƴƴȇƳƛ 

()t=Qx* x



Åx*ƴŜƳł ǾƭƛǾ ƴŀ X

ǊŜŦŜǊŜƴőƴƝ ƪƻƴŦƛƎǳǊŀŎŜ ƧŜ 
ƴŜŘƻǘőŜƴŀ ƴłǎƭŜŘƴƻǳ ǊƻǘŀŎƝ1

x *

2
x

*

3
x

*

d+
x*

x*
x*

dx*

hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

()t=Qx* x



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

Å5ŜŦƻǊƳŀőƴƝ ƎǊŀŘƛŜƴǘ ƧŜ ƻōƧŜƪǘƛǾƴƝ

µ µ µ
= = = =
µ µ µ

F* Q Q QF
x* x

x
X X X

( ),tµ
=
µ

F
x X

X

( ),tµ
=

µ
F*

x* X *

X



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅTenzory U a v Ƨǎƻǳ ƻōƧŜƪǘƛǾƴƝ

= =F RU vR = =F* R*U* v*R*

= =F* QF QRU

R * U*

  = Ø =U* U  R* QR

=v*R* QvR =v*QR QvR 1 1 T- -= =v* QvRR Q QvQ



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅTenzory C, E, e, b, s, P a SƧǎƻǳ ƻōƧŜƪǘƛǾƴƝ

T

T

=

=

=

=

C* C

E* E

e* QeQ

b* QbQ

T

=

=

=

S* S

P* QP

* Q Qs s



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅtǊƻǎǘƻǊƻǾȇ ƎǊŀŘƛŜƴǘ ǊȅŎƘƭƻǎǘƛ ƴŜƴƝ ƻōƧŜƪǘƛǾƴƝ

ŀƭŜ ƧŜƘƻ ǎȅƳŜǘǊƛŎƪł őłǎǘ ςǇǊƻǎǘƻǊƻǾł ǊȅŎƘƭƻǎǘ 
deformace d ςƻōƧŜƪǘƛǾƴƝ ƧŜ

1-µ
= =
µ

l FF
v

x

( ) ( ) ( )( ) ( )1 11 1 1- -- - -= = = = + =l* FF * F* F* QF QF QF QF F Q

( ) 1 T T-= + = +QF QF F Q QlQW

T=d* QdQ



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅaŀǘŜǊƛłƭƻǾŞ ǘŜƴȊƻǊȅ ŀ ƧŜƧƛŎƘ ǊȅŎƘƭƻǎǘƛ όǾǑŜŎƘƴȅ 
ƛƴŘŜȄȅ ǾŜƭƪŞύ Ƨǎƻǳ ǾȌŘȅ ƻōƧŜƪǘƛǾƴƝΣ ǇǊƻǘƻȌŜ 
ǎǳǇŜǊǇƻȊƛŎŜ ƴłǎƭŜŘƴȇŎƘ ǇƻƘȅōǻ ƴŜƳŠƴƝ 
ǊŜŦŜǊŜƴőƴƝ ƪƻƴŦƛƎǳǊŀŎƛΧ

Å¦ ǎƳƝǑŜƴȇŎƘ όǾŜƭƪŞ ƛ ƳŀƭŞ ƛƴŘŜȄȅύ ŀ ǇǊƻǎǘƻǊƻǾȇŎƘ 
ǘŜƴȊƻǊǻ ƧŜ ǘǌŜōŀ ƻōƧŜƪǘƛǾƛǘǳ ƻǾŠǌƻǾŀǘ



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅtǊƻǎǘƻǊƻǾł ƻōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘ ǾŜƪǘƻǊǳ ŀ ǘŜƴȊƻǊǳ

ÅtƻȌŀŘŀǾŜƪ ƻōƧŜƪǘƛǾƛǘȅ ŘŜǊƛǾƻǾłƴƝ ǇƻŘƭŜ őŀǎǳ

*

T

=

=

Q

T* QTQ

u u *

T T T

= +

= + +

Q Q

T* QTQ QTQ QTQ

u u u

T

=

=

Q

T QTQ

u* u

*



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

ÅYƻǊƻǘŀőƴƝrychlost vektoru

ÅJaumannova(Zarembova) rychlost tenzoru

= +l d w

o

= -T T wT + Tw

= -Ţ u wu

o

= -T T wT + Tw

= -wŢ u u ( ) ( )*

*

- = -

=

w Q w

Q

u u u u

Ţ Ţ



hōƧŜƪǘƛǾƴƝ ǊȅŎƘƭƻǎǘƛ

Å9ȄƛǎǘǳƧŜ ƳƴƻƘƻ ŘŜŦƛƴƛŎ ƻōƧŜƪǘƛǾƴƝŎƘ ǊȅŎƘƭƻǎǘƝ 
ǘŜƴȊƻǊƻǾȇŎƘ ǇƻƭƝ όJaumann, Zaremba, Rivlin, 
Naghdi, Oldroyd, Green, TruesdellΣΧύ ŀ ƭȊŜ 
ǎ ǘƝƳ ǳȌƝǘ ƳƴƻƘƻ ȊłōŀǾȅΧ



YǾŀȊƛƭƛƴŜłǊƴƝ
viskoelasticita

ǎǘǊǳőƴŠ ςjen koncepce



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

ÅY. C. Fung(1972) ςǇǻǾƻŘƴŠ ǇǊƻ ƳŠƪƪŞ ǘƪłƴŠ

Å{ŜǇŀǊŀŎŜ ŜŦŜƪǘǻ

[ƛƴŜŀǊƛǘŀ Ǿ ǊŜƭŀȄŀőƴƝŎƘ ŜŦŜƪǘŜŎƘ G(t ït)

bŜƭƛƴŜŀǊƛǘŀ Ǿ ŜƭŀǎǘƛŎƪȇŎƘ ŜŦŜƪǘŜŎƘ s(F(t))



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

Å2ŀǎƻǾŠ ǇǊƻƳŠƴƴȇ ŘŜŦƻǊƳŀőƴƝ ƎǊŀŘƛŜƴǘ F(t)

()
( )

()

pro   ,0

   pro   0,t

t

t t
t

Í -¤ë
î
=ìµ

Íî
µí

I   

F x

X



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

() ( )
()et

t t d
t

t t
t

-¤

µ
= -

µñ
S

S G

Å5ǊǳƘŞ Piolovo- KirchhoffovoƴŀǇŠǘƝ  S
ςobjektivita D/Dt

e Wµ
=
µ

S
E



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

Å±Ŝ ǎƭƻȌƪƻǾŞƳ ȊłǇƛǎǳ

1

ij iK KL jLJ F S Fs -=

() ( )
()

( )
()et t

IJ

KL KLIJ KLIJ

IJ

S W
S t G t d G t d

E

t t
t t t t

t t
-¤ -¤

µ µµ
= - = -

µ µ µñ ñ



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

Å±Ŝ ǎƭƻȌƪƻǾŞƳ ȊłǇƛǎǳ

() ()
( )

( )
()

()
() () ( )

0

0

0

0

t

KL KLIJ KLIJ

IJ IJ

t
KLIJ

KLIJ

IJ IJ

W W
S t G t G t d

E E

W t G W t
G d

E E

t t
t t
t

t t
t

t

+µ = µµ
= + - =

µ µ µ

µ µ µ -
= +

µ µ µ

ñ

ñ

Kdyģ SKL = 0 = EKL pro t < 0

Kdyģ ÖSe
KL/Öta ÖGKLIJ/Ötjsou spojit®



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

ÅbŜǎǘƭŀőƛǘŜƭƴȇ ƳŀǘŜǊƛłƭ
ǾȇǊŀȊ ǇǊƻ WƻŘǇƻǾƝŘł ƴŜǎǘƭŀőƛǘŜƭƴŞƳǳ ƳƻŘŜƭǳ

det 1J= =F

() ()
( )

( )
()

()
0

1

0

             

t

KL KLIJ KLIJ

IJ IJ

KL

W W
S t G t G t d

E E

p t C

t t
t t
t

+

-

µ = µµ
= + -

µ µ µ

-

ñ



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

Å¦ƪłȊƪŀ ŀǇƭƛƪŀŎŜ

Historie 
deformace

tǌŜŘǇƻǾŠř ƴŀǇƧŀǘƻǎǘƛ Ǿ ƧŜŘƴƻƻǎŞƳ 
ǘŀƘǳ όŎȅƪƭǳǎ ǎ ǊŜƭŀȄŀŎƝύ

( ) ( )
2

1 13 3
2 4

W I I
m a
= - + - ( ) ( )1 2

1 1
3 3

2 2 2 2
W I I

m m
g g

å õ å õ
= + - + - -æ ö æ ö
ç ÷ ç ÷



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

Å¦ƪłȊƪŀ ŀǇƭƛƪŀŎŜ
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2 2 2 2
W I I
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å õ å õ
= + - + - -æ ö æ ö
ç ÷ ç ÷

bƻǊƳƻǾŀƴȇ ǎǘǌŜŘƴƝ 
ǇƻƭƻƳŠǊ ƳŜƳōǊłƴȅ
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YǾŀȊƛƭƛƴŜłǊƴƝ
viskoelasticita

ŘŜǘŀƛƭƴŠ ςabychom Řƻ ǘƻƘƻ ǾƛŘŠƭƛ



YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita

Å2ŀǎƻǾŠ ǇǊƻƳŠƴƴȇ ŘŜŦƻǊƳŀőƴƝ ƎǊŀŘƛŜƴǘ F(t)

()
( )

()

pro   ,0

   pro   0,t

t

t t
t

Í -¤ë
î
=ìµ

Íî
µí

I   

F x

X



() ( )
()et

t t d
t

t t
t

-¤

µ
= -

µñ
S

S G

Å5ǊǳƘŞ Piolovo- KirchhoffovoƴŀǇŠǘƝ  S
ςobjektivita D/Dt

e Wµ
=
µ

S
E

YǾŀȊƛƭƛƴŜłǊƴƝviskoelasticita


