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Binomial theorem

1 4 6 4 1

1 5 10 10 5 1
It states how to compute and express all terms in n-power of bracket (x+y): 1 6 15 20 15 6 1

(:r+y)“=i()”yk Z()”‘ 1 7 21 35 35 21 7

k=0

l.e. without sum notation:

(z+y)" = n 2"y + ny - Ll 4 n 2" 2P 4 n oty 4 n 209",
0 1 2 n-—1 m

Human examples:
(x +y)* = &' + 42y + 62%y® + day® + o,

nin—1) . nin—1)n— 2
(1+:ﬂ]“=l—l—nm+—{ T }E‘E—I— { ;I[ }m3+---+ra;£:"1+:::“_




Lets compute:  a) (1+v/2)° ¢} (z + ) e) (ay/a~—3)°

(1 -2¥3)° D (v-5) f) (\/E— \F)

75a}41+wv’“ b) 97 — 708 V/3 — 516 ¥/9; c) ' + 423 \/7 + 623 + 422 /7 + 2
d) y° _._y +2y_4y+-_”y —-_..1yd; e) at — 9a2Va? + 27a ¥a - 27;

2
f}v’mﬂ—: p 40104 5y _ ny

"l ™ m

Verify that x1= sqrt(2) — 2 is root of:
79 Ovéfte, Ze ¢islo £ = /2 — 2 je kofenem rovnice 2 — 102 — 24z — 16 = 0.

Which member of the power does contain y*3?

Ktery ¢len binomického rozvoje (y? + y~1)? obsahuje y*? 86 G. clen.

Prove:

D () () (Yo (Yor O @G o)

T .1 i =2 n —

! 1 d) 4" + 4™ -I—( 4 +---+1()—*-‘
b) ()— N+ —...+(~1}'T(ﬂ)=[] )+ (3) 2 n
0 1 2 1 72 o N al™Y _ en
e) 1+4(1)+4_*(2)+.,,+4 (n)—ﬁ

99 Navody: a) 2% = (14 1)  b)0=(1—-1)% ¢ (-1)"=(1-2)" d) 5" =(@d+1)" e)5" = (1 4+ 4)".

e



Complex numbers

Based on introduction of imaginary unit / such that )
1 = —1

Complex number consists of real and imaginary part, it can plot as point in complex plane

Re(2+3i)=2 and Im(2+3i)=3.

Algebraic form of complex number _
— a + bl

2

Complex conjugated number
zZ=a—Dbi

Magnitude of complex number (also absolute value)
|z| = Va? + b?
Polar form of complex number
z = |z|(cos @ + isin )

Im A

b

Z=a+bi




Complex numbers

de Moivre's formula
(cosa +isina)™ = cosna + isinna, n € N

Operations:
- addition and subtraction

a+b=(x+yi)+ (ut+vi)=(z+u)+ (y+v).

- multiplication !
(z + yi) (u+vi) = (zu — yv) + (zv + yu)i.

z120 = r17ra(cos(p1 + w2 ) + isin(w; + w2)).

small example:
(2 +4)(3+14) =5+ bi.

- reciprocal and division _ :
z r— yt T y

z
> z§_|z|2_mﬂ+y2_$2+y:2 22 4 12




Applications of complex numbers

Finding roots of polynomials

XX +1=0
Eigenvalues of matrices (i.e. characterization of matrix)
O
Characterization of dynamical systems 1S
- determination of its stability
Fourier analysis of signal e O _______ Q-

- frequency spectrum

Description of wave propagation * L

¢ §

Time Domain <€ = = = => Frequency Domain



Lets compute and verify according to Moivre’s formula:

78 Umocnéte podle binomické véty i podle Moivreovy véty:
a) (1+i)7 b) (V2 -iv2)° ¢) (-2 + 2iV3)®

78 a) 8 — 8i; b)64i; c¢) —-51
PS: de Moivre's theorem states (cosz +isinz)" = cosna + isinnz,

Derive formulas by using Moivre’s formula and binomial theorem:

Twra, s - . - o o .
98 Uzitim binomické véty a véty Moivreovy odvodte vzorce pro

a) sin 3z, cos3r, b) sin 5z, cos5z.

98 a) &-m?:..L—Bsm.i — 4sin® z, msSr-dfus r—:hu'-ﬂ biqm T — -'-11111‘—30-2111 T+

r 12t 5 = - T i wm -

|'.n

Iﬁqm T, 1.05.1-.:: = u::s-.r, - EDLus T + lff_f_:b ES

— 512i4/3.



2 Vypocitejte:  Compute

3i+1 . 3i <+ 2 3+iv3
a) : c) = e) -
2"'[ 21_3 3—.|\/5
100 1 + 4i
—iv3)~2
b) =i df = f) 49(2 —iv3)

2 )14 b)12-16i o) —i; d)d—i; ) L1430 1) 1+4VE

3 Vypocitejte:

o . i+ 3
9 . —_— -1 :('—"'“"—)
a) (2+1) s d) \i—1): (2 2+i
2+ i i 2i+ 1 7+ 1
. . + 3 3 a)3i; b)1; c)l-i; d) 1+48i; e) —3i.
g i )
W =g

zy = sin 135° — 1 cos 270° -
5b) Prove equality of number z1 and z2: . b) 2 =22 =5+ 0L
2 = cusart + 1sin 8r

i i _ _ _
T - for any real p is purely imaginary.
For what value of pisz=1i/37?

7) Prove that number z =

: 2 ;
7 ::"-'l';!'iilp"_i.



8 — 6b — ib
1 —ib
a) real number, b) complex number, c) purely imaginary?

8) Determine for which real number b is expression =z =

8a)be{0: 1} b)beR-{01}; o) be{24).
11 Vypoiitejte: Compute

. ; . E L1728 JENOR ._3 imd) =37, :=TH

a) 12; IEI-; ]4; ]-.JU; 112..1-; I.JG-J ‘ d : i~ 1._]] arﬁ:] 7
= 10 —i { s

b) mm” 3t 17 e} 1 + 710 +i7%0 4

¢) 2i® —i'? +5i'% - 3i" £) i"! +5i7% — 14i~7

Ma) =L~k 1 165 b)8-12 ¢)4+5i; d) ~i; —1;i;1; —i; —1; ) 0; f) —5— 15i.
12 Vypotitejte: Compute

j 412 4 i3 i 108 e e o g +r“+r"‘ .
® g} :I:“::li'l:‘ 8 {10 S 2348 6 7 8 9 10 Sum of geometric sequence ;-)
C) ].+1 ‘+-l +|. +iﬂ+_i1] f} jﬂ_idI]-_ﬁ_iﬁIi]l'}_ilﬂLilnllilﬁ_ilﬁ_i2ﬂ

13 Vypotitejte mocniny nasledujicich zavorek: Compute
i (1-i)% (+D)7% (1-i)2
by (1+i)% (1—i)% 1+ i)y"% 1-1)-?
(1+1)% Q- @+ Q-

12a)1; b)O; c)1-i; d)1; e) —i: f) —1. 13 a) 2i; —-2i; —1i; %i: b) -2 2i;
; 1 : ; = .
-2 = 2 —-;1-—%1;—%+;—|; c) —4; —4, —i—-;uf



First plot complex numbers z1 and z2. Then graphically determine: a) and b) or c).
14 Nakreslete obrazy komplexnich cisel 2y =1+ 2i, 25 =3 — .
Potom graficky uréete: a)z2=z+22 b) 2 =2 — 2

15 Nakreslete obrazy komplexnich ¢isel z; =2 — 1, 2, = -2 — 4i.
Potom graficky urcete: a) 2z; b) %zg ¢) z =2z + %wg

14
16 Nakreslete obrazy komplexnich ¢isel 23 = 1 4+ 2i, 24 = 2 — 1.
‘ Potom graficky urtete: a) 2 =23-24 b)z=23:24
17 Nakreslete obraz komplexniho ¢isla z5 = 2 + 3i.
Potom graficky urfete: a)i-zz b) —i-2 ¢) z5:1
2 —4i
K fefenivlohy 14 I{ feseni ulohy 15
16 v v
a) A b) A
3i X
Y, (T \\ 2
Bt -y I “
z | ] z
|5 21 1\ /_ 9 4 \1 X 'y y g .
| - % PORY : B Z
] l - —i 4 1 4
=3 2 T J
|
|

K feSeni dlohy 17



Find complex conjugated numbers:

19 Vypotitejte &isla komplexné sdruZend k danym ¢&islam:

3 + 4i 4-2
wy = (2413 =1 Ty — — y = ——
1= (2+1)(3 —1) Wy = T2 w; :
MW =7T—-1,wp=~1~-21, W3 = -2+ 4i.
23 Compute i) |
10i
T
a) |(7+i)(4 g| "E_V/E—Qﬁi[ ¢) !21—1|+|-zi
4 -2 4 — 3i| +i V3 =i]-(—-1)
b) i___j d) Lm._lm| t ‘i B ‘
3+1il 3-2i [ii—1)] —2i
23 2)25V2; b)VZ o 5 d)vZ ) I8 6) 2
25 Plot all numbers in complex plane for which hold: - y o
a) |z| =3 d) |z-2]=3 g) |zl =z -2 +i
‘ b) [z2=i|=1 o) o Zmi| 54 h) |2 =1=3i| 2 |z+ 2
c) z—1+i|=2 f) 1<|24+3i=2124 i) |z+i]+]|z+1-i=4




Find polar form of z:

30 Pievedte na goniometricky tvar néasledujic{ komplexni ¢isla:

z]:1+i 14=—2+?i\/§ .'..’7=-T'—Ti
=3 75 = —V3 +1i zs = 8in 30° + icos 30°

: 3 ..
zg = Ol 26 =10-101 zpg = 1+ cos Z::+15mgrt

30 z = v”ﬁl{ccsin—i—isin in}, z2 = 3(cos0 +isin0), za = 5(cos § 4 isin 3}, z4 = 4(cos %?‘E +

4- 1s81n %r:} z5 = 2(cos %n: + isin %m], 25 = 10v/2(cos ?I?I + i1sin :'i—,::}, z7 = T\fﬁfr_‘m %‘ +

+ isin "if!n}., zg = l(cos %n + isin :;—:l;}, 29 = V2 — v/2(cos %n—l— isin %1:}.

35 Find absolute value of z and plot it in complex plane:

4 . ik
2] = 5{(‘(]3 120° + isin ].El]ﬂ) 29 = 2((;{)5 gl-{ 4+ 1sin ar)
35 |21 =5Ap=120° |22 =2 A p = &
Compute product and division of numbers z1 and z2.
38 Vypocitejte soudin a podil komplexnich &sel 2y, 2. Vysledek vyjadiete
v goniometrickém i v algebraickém tvaru.
a) z; = 2(cos 105° + isin 105°), 23 = 4(cos 225° + 1sin 225°)
b) 2, = 2(cos %rr + isin %rc], z9 = 4(cos %.‘L + 1sin %n)

38 a) 2; - 22 = 8(cos330° + isin 330°) = 4/3 — 4i, z1 : 22 = 0,5]cos(—120°) + isin(—120%)] =

3. ; Lo — nE 3
— —% s -\ijj; b) 21 - z2 = 8(cos %ﬂ?lﬂlﬂ %'.:]I = 4V3 —4i, 21 : 22 = 0,5(cos 57 +

+isin%n}:—ﬂﬁi. 39 ﬁ:l-“:]:g lﬂ—gv"lﬂ-i; b) 20 = —2v2 =2 -1i;



With the help of Moivre’s theorem compute:
42 Uzitim Moivreovy véty umocnéte a vysledek pfevedte do algebraického tva-

gt

) 1 T \° V(1 4+ 1)8 5 12

a (cns T ‘Smﬁ) ¢) (1+1) e) (—2v3-2i)
3n 3n . f2\5 i

b) (cmﬁ+lsmﬁ) d) (1-1iv/3) f) (5\/5-—51)?

42 ) § + Bi; b) -2 4+ Zi; ) -8i; d) 16+ 16V3i; e) 224 + 0i;
f) =5.10% - v/3+5-10%. 43 n=12k+1A k&N nebo k =0,

46 Vypocitejte vechny druhé komplexni odmocniny = Square root of

a) z Cisla 4, b) z ¢isla —4.
47 Vypocitejte viechny étvrté komplexni odmocniny = 4-th root of
a) z Cisla i, b) z éisla 1 —1.
48 Vypoéitejte vSechny paté komplexn{ odmocniny z &sla 32, = 5-th root of
49 Vypocitejte soufet viech tfetich komplexnich odmocnin z éisla —2. = sum of all third roots of
50 Vypoditejte soudet tietich moenin viech ¢tvrtych odmocnin z &sla 1. = sum of all third roots of

46 a) z1»> = 2coskx+isinkn), k € {0; Ij- b) zlg-.:2[c05(%+kr:]+isin{§+kn]],ke{I];l}.
47 a) z103.4 zt:as{%-l- ) +isin(g + ~- =), k€ {0;1;2;3);

b) 212,34 = y"'_[cus(fgn+ k"]+lsm(I—§1+ J”‘}] k€ {0;1;2;3).
48 2132345 = 2[cos2kn++1sm skn), ke {0;1;2;3;4}. 49 (). 50 0.



53 Reite I‘DVEI{"E f_- ngzne’xmﬂu g ELC: | - Solve for complex -
a) 22+ 3Z=5+1 r_]; —2=0-2i

b) D 13 =065 2) d) 2(z-4)—1=28i
1

|

e [

5: ﬁ]z:]—l, b]2213—391; C}Izlz—l_Ehﬁ-z:z_Ei* d]z]=1_211:z=3_2i

85 Reste rovnice s nezndmou 2z € C:
a) |z|=1+2i+z ¢) [z+1]—4i=2+3
b) [z +i]=2z+1i d) [z +2—i| = 5(z + 3i)

55 a}z:%—.ﬁi; h}z:.‘&_li. ¢) z =2-4i; d];=1—-3i.
Find solutions of equations, plot them:

68 Reite rovnice s neznamou x € C. Vysledek zapiite nejprve v goniometrickém 8 a) zy5 = 3(cos 2kn + isin 2kn), k € {0;1:2), 21 = 3, 2,5 = 4 04,

tvaru, pak ve tvaru algebraickém. Kofeny znézornéte v Gaussové rovine. b) 212,34 =2[cos(4r+ k) +isin(dx+ Lks)], k € {0;1;2; 3} 212 = V34V, -
= +v2 - V3j; c) x 2.345.3:1(coslkn+mn kx), k € {0;1;2;3: 4; .
3 fi pa el Dl Ll )1 '{ 345},3.’12 :|:1
a) v —27=0 ¢) g¥—1=0 w5, = £} + i, w50 = 43 - i,
b) z*4+16=10 d) 2z —64i=0 d) 21,2,3 = 4[cos(§n + k=) + isin(§x + Fhn)], k € {051;2}, 21,2 = +2v/3 + 2i, 23 = —4i.

69 Redte rovnice s nezndmou ¢ € C. Vysledky zapiste v goniometrickém tvaru.
Kofeny zndzornéte v Gaussové roviné.

a) 1" —1-1=0 c) {1!‘44—\;‘,3_—1:(] aga)z"“”'_V’_{CDS{ﬁﬂ+gkﬂ}+lsm{1“+ ghn)l, k € {0;1;2};
. b) @y 2, = ¥2cos( i + Lkr) + isin(n -+ Fhn)l, k€ {0;1;2;3:4; 5}
- L. — 3,4,5,6 3 18
b L 1\/_“ =0 d} (23’} L 151'/5 c) 1,234 = v"_[cos{—tl—i kn)+lsm{-ﬂ1+ lkn:}] ke {0;1;2;3});
70 Uvedcne rovnice s neznamou x € C feste dvéma zpusoby. Bud jako rovnice d) 21,2,3,4,5 = 1 - [cos(5x + 24n) +isin(k= + Fkn)], k € {0;1;2;3;4).
kvadratické, nebo jako rovnice binomické. 70a)z)0= %8 + Xj; b)ayz=-1+2%

a) 22 =1+iv3 b) 22 4+2r+5=0
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