Logarithms and exponentials

Exponential

g= flz)=a" a>0, a#1
D(f):R* H(f):(0,00)




Logarithm

(2] =log, & a>0, a#l

/ :(0100)1 H(f):R




Formulas

log, 1 =0, log,a=1, loga% = —],
log, b+ log, c=1log,(b- c)

log, b — log, ¢ = log, (%)

k -log, b = log, b

log, =

log, © = g 3

T = aloga o)

What is a logarithm?

Logarithms are another way of thinking about exponents.

For example, we know that 2 raised to the 4" power equals 16. This is
expressed by the exponential equation 2* = 16.

Now, suppose someone asked us, "2 raised to which power equals 16?" The
answer would be 4. This is expressed by the logarithmic equation log,(16) = 4,
read as "log base two of sixteen is four”.

22=16 <<= log,(16) =4

Both equations describe the same relationship between the numbers 2, 4, and
16, where 2 is the base and 4 is the exponent.

The difference is that while the exponential form isolates the power, 16, the
logarithmic form isolates the exponent, 4.

Here are more examples of equivalent logarithmic and exponential equations.

Logarithmic form Exponential form
log,(8) = 3 — 22=8

log,(81) =4 = =8

log,(25) =2 == 52=25

source: Khan academy



Ex1: There is a graph of logarithmic function h: y = log. x . Ay

Determine the base a and find for which x holds: 1 g
h(x) = 3.

Ay i

o 1+

g : —>
@) 1 )
A) log V2 =12

- B) log,V8=+8

Ex2: There is a graph of logarithmic function
g- y =log. x, where it holds log.x=2. O log,4=4
Which statement is true?
D) Ioga 8=38

E) Zzadnazuvedenych rovnosti



i7: il
Ex3: In real number solve equation (_) b i A e

8 3* 2

Ex4: Find all possible x for which function exists: f: Yy = Iogg('l b=t x)
For which x holds: y =0.5?

Ex5: Solve equations: 2% _ log, V5 =0
21000 , 5500 4 3 500 _ 5x
log,,(—2x) =0
log,, 10" + x - log,, 1 = log,, 1000
aE =y

FoL =D



57 Uréete realna ¢isla a, b tak, aby graf funkce y = a-2* 4+ b prochazel body = Find a,b in order to fct Y
¥, e .
Af0: 3], B{-1;2]. pass through points A, B.

58 Urcete realna &isla a, b tak, aby graf funkece \y = 2*%% - b prochazel body

A[1;15], B[-2;1].
59 Uréete viechny hodnoty redlného parametru ¢ tak, aby dana funkee byla = Find q in order to fct y

rostouci. ;, be increasing.
| _ 2‘?1 T B 1 o - g -} 3 T
Solutions:

4.11 Exponencialni funkce

srrlf:'!r'h:_—jl:“-_if:,"i. 2+ 1 = EB 4« =3 b= — —.‘-.'J.'__f"'t—-u

29 al g e (- livil;ac). bijge (0:1):. chgEil.x)



66 Nacrtnéte grafy funkei (uréete definiéni obor, obor funkénich hodnot, pri-

seciky grafu s osou z a s osou y); =Plot graphs.
friy =27 -4 Jary = |27+ — 4 fry=(3"" -1
fary =271 —4 fsiy =20t — g foy=(2)"""+4
f3: y = _(2‘.‘5"‘1 . 4] fﬁ‘. Y = 2|.T.|+1 s fg: y=— (%)E—FE d
67 Nacrtnéte grafy funkei:
f:y=27° =Plot graphs.

g2y =274

66 "

L.
-

Y




68 Danou rovnost picpiste pomoci definice logaritmu: = Rewrite equations by using logarithm.

a) 32=9 ) % ¢) 97 =3
69 Vvpocitejte: = Compute.
a} log; 9 c) log, V7 e) logg V2 g) logg 054
1
b) logs 125 d) lﬂg’ﬁﬁ f) logs 1 h) logg , 0,04
70 Najdéte viechna z € (0; 00), pro néz plati: = Find all positive x satisfying:
a) logzz =4 c) logy z= -1 e) logsx =0 g) log-x =1
1 3 3
b) log zx=4 d) loggx = = f) logy = = 5 h) logz = 5

72: Compute and determine, if x is positive or negative. If x>0, indicate whether x > 1 or not.

a) ry = 2log4 + logd — log 6 c) z3 = 2logy o4 +1ogg 2 3 —logy » 6
1 1
b) 2z, =logs 12 — logg 15 — 2 d) z4 =In4+ 1115 - 2(111 2-+In 1)
Solutions:

68 a) logg 9 =2; b) log, ?15' =—3; c)logy3= 3.
69 a)—2; b)3; c) i d)-8 e g )0 g -1 h)2

-y
4,
= §

70 a) 81, b)4; <5 d) %Y e L 1) g )17 h) YO.00L

J1a)a=3% bja=1; cJa=g; da=1; ¢a=256 fa=vZ ga=v2

h) a=10.

. o — J-'r-_" T
72 a) z; = log8,0 <z <1; b)axz=logg4, 0<z2 <L c) mgzlng% 8,23 <0; d) za=InF,z¢>1



76 Urcete redlna &isla a. b tak, aby pro funkci /i;: y = alog, z + b platilo

hi(4) =5, u(3) =-T. a,b = ? in order to hold: hl at x=4 ...
77 Urcete realnd isla a, b tak, aby graf funkce hy: y = log (x+a) +b prochazel
body K[2:1], L[8;0]. a,b = ? in order to graph h2 pass through
78 Urcete definicni obory funkel f; az fio: points Kand L.
firy=logsx fory =log(lz + 1| — 7) What is the domain of functions?
f2: y = logg(z + 6) fr: y =log(—|z + 3| + [=] + 1)
f3: y = log(z* — 4) fa:y = /log(z + 3)
1 T
T — iy =1
fary ogE =1 for y = log
1 r+ 9o
g  ova = 4 flogs .
fﬁ ) lﬂ'gz(f + ?) e fl'fl Yy \/Dgu,z T

Solutions:

4.13 Logaritmicka funkce
76 a =3 Ab=-1=>y=3loggxz—-1. 77 a=1 nh:E‘-‘::ryZIr.rg%(:{:-l- 1)+ 2.

78 D(f,) = 0; 00 Daj ) = (0;00) — {10} D{f7} = (—o0; —1)
DEH—E -6; je] 4)=i T;00) = {=5}  D(fs) = (=2;) ]
D(f3) = (—oc; —2) U (2} 0) Difﬁ) = (—oc; —8) U (6;00) D(fa) = (—00;0) U(3;00)

D(f10) = (—00; —5)

- v o4 o oW LY A = 3 o= 1. =% o



Ex6: Determine values of logarithmic function

log(1) 0]

e

n(0) -]
logs(5) [1]

In (Ag) [—2]

Ex7: Simplify and determine expression V.

InV=n4—In3+nnw—+Inr {V:%ﬂrpiﬂ]

10g2 V=3 10g2 Tt ('H. -+ 3) 10g2 Yy — 3 |:V — :I:gy’l+:3]

log, V = 3log,(z + 2) — 2log, v {V = +/(r+ 2)3/y2]

log: V = 2logs(z — 2) + 3logs(z + 2) — 2logs(z? — 4)

[V =z + 2]



Ex8: Solve given equations in real numbers:

@ 3* =81 [z = 4]
® (i) =16 [z=-2
® /128 =8 [z = 7/6]

2 2.
® 5 -2 553:—!—4 = 1

® %6 + 3re® — 4 = ()

71 =

—1, Lo = —2]

[:Ifl = 1? To = —4]

z =1]

ook 4wl 4] b

on(vz)=-2 |z=4%
Olnz+1)=0 [z=0]
®2lz-1=0 [o=@

®2z+3zlnz=0 [:c:



Exponencidalni a logaritmické rovnice a nerovnice

34

5.1 Exponencidlni rovnice

Reste rovaice 8 nezndmon z € R:

Ty 2,8 8
3n—1 _ Qe+l = 2.0.5% +3z — —
) 281 4= 8 (2) e) i
b) Vd4r. V28 = V16 f) 5% 2% = 1007
1 _ 1 Vorzmer (1)31+3 8_]_ (‘2) (9)3‘-}—1
o 7= 5V 9 8 15-3) \a
025 (1) =1 ) — 4
- — =45
4) 7 (4) 9.3V3
Redte rovaice s neznamou = € R:
4
a)y 3% 4+ 3+ = 108 d) - -50+57! +20-25°"1 =0
b
21 1\= " 1yt 5
a+1 x—1 9'r+3 il 3= (_) 241 ( ) —
by 2%+t 421 4 3 e) 5 +3 5 3
¢) T-477+2=3.47%15 5 f) 2% .57 —22¢-1 .52+l — 600

Redte yovuice s neznamou = € R:

. X 10
a) 4% -6-4"+8=0 d) 9770% 49087 = ==

1 1 132 1T 1y277 18— 1

e o3 -3) = 1Y)
b) i 2 —i—2 4 9 e) 2 5 5 1
¢) 9-3+3*=10 f) 3% . (5% —5) = 3. (52°F! +5%%) 4+ 50
Reste rovnice s neznamou « € R:
a) 3% 4 3o+l = 7 gt gzl (:) 2. 4% 4 51—% — 5:v+% — 92z-]

. 9-1: . 92)

b) 21‘—1 _ 21:—2 — 5:1:—3 + 2:17—3 d) 3@ + ? — 3.i,+l + ?

Reste rovnice s neznamou = € R:
a) 42} + G:C — 2 . 91‘

Reste rovnice s neznamou z € R:

b) 16 =8-4°+2.8%

a) 37 =10 ¢) 2¢ 3571 =6

by 57F' =4 dy 57 7% = 16"

Reste rovuice s nezndimou = € R:

a) 6-75+3 7742 = 82 c) 2% —3° =2*"1 4 5.3

b) 3n:+1+2‘3—1:7 (l)7~6r-—-2'4m:6‘9m
Urcete viechna ¢isla o, y € R tak, aby byla fefeniin dané soustavy:

a) 27+ 5.3% =53 d) 16%+v =38
7020 -3V =47 16° + 16¥ = 6
b) 2++1 4 3v =31 e) 5°F 5% = 625
27 —3v2 = 1 67" . 65T = 216
€) 2 257Y 4 9xtu=l = 90 f) gv+l =27
10 - 257Vl — 264 = 29 gt =371

5. Ezponencidlni a logaritmické rovnice a nerovnice

5.2 Logaritmické rovnice

g Redte roviice s neznamou 2 € R:

a) logo(z+1) =3 e) logy logzlogy o =0

b) 4logs(2z—1) =12 f) logy logg(1 + 20log, z) = -2

c) logy (2-1z)= -2 g) logy[l4 + 2log, (1 + 2log; z)] =4

d) log,(5z —4) = 2 h) logg{3log,[Ll + logs(l — 2logy )]} = 0,5

410 Redte rovnice s nezndinou 2 € R:
a) logs(? +22) =logs(=32) ¢} logg (s — 52) = log, (52 +11)
b) logz? =log(4 — 2?) d) logy(a? — x) = log,
11 Redte rovnice s neznamou z € R;
a) logz = 2log 5+ log4
logg x

o~

) 1+ log; 2
¢) logg(z+ 1) +loggz =1
d) logy(z +7) —log,z =3
e) log(z+ 3) =logx +log3
£) logg v/ + 30+ logg /= 1
g) logz® — logz? + log2® = 12
1 ;5 _ loga?
h) log\/:?—i—log:ﬁ — loga? + —2- = T+ logl0
i) 3log2z? + 2log 3z® = 5logz + 2log6a®
i) 0,5(3log5—1—1logz) =2 —1log5
k) log,(3z+2) — 2log,x = 2 —log, 8
1) T+ logy(5—z) — logg (22 — 1) = log,(2z ~ 1)

12 Reste rovnice s nezndmou z € R:

3—u x log 125
a) log. = -2 ) logy —— =
) R —— ) log T+ 14 log 5
6x — 2 x? + 1
b) logs —5 = =2 d) log7 — = 1
13 Reite rovnice s neznamou « € R:
log, (62 — 2) 9 ) 2log 3z
U= e A ¢) ——— =
log, (2 — 3) log(2 — 7z)
logg(z — 1) _ a) logz  log9
logs(z + 1) log(z —2) ~ log3

14 Relte rovnice s neznamou « € R:

a) logiz + 2logyz —3=0
b) 4logq1(log97 —1)=2+3loggx
c) log;(r—i-l +51051(m-|- )=6

d) 4logg(2z + 1) + logy 2z + 1 = £ logs (2 +1) — 6



5. Ezponencidln{ a logaritmicke rovnice a nerovnice —m8 —

15 Relte rovnice s neznamou = € R:

logz + 3 logz+1 2logz —1
—_ - = =3
2) 3—logx 5 ) 2+ logz log

16 Reite rovnice s nezndmou z € R:

1 = -2 c)loz(a?+1)-+-———l———£Z
a) 0gL T+ log% T &3 logg(x +1) 4
10 2 3 4
S+2=—"T+ d) 1 ~ =
b) loga” +2 log z2 ) logix log} @2
17 Rete rovnice s nezndmou = € R:
a) log100z + log 10z = 7 c) log100z + log 120332 =7
b) log 100z + log? 10z = 7 d) log1002? +log” 10z% = 7
18 Reste rovnice s neznamou z € R:
3. a2 100 Vio
a) §Iogm+log~ﬁ —logT =-2
108222 _ 51ogy /7 =logiz+ 1
logy %
log, 2z T 2
°) log, 8z Tl g = log, 4 —log, 0,5
log% 16z
d) logy « -logy 4z = T)E%—S—- + logy 4
logg 9z 3
log, 81z2 2
log &
f) —12% 41 =logz
) log? \/z &
19 Reste rovnice s neznamou z € R:
a) z'°8® = 100z c) 1000z2 = glo8® e) a'°877" = 4993
b) z'°82+2 = 100z d) 27z2% = glo8s® f) (yxz)les2otl =2
20 Reste rovnice s neznamou « € R:
3
a) log, z + log, 8 = logg 16 c) log,z —logyz + log sz = 1
b) logyz + loggz = 6 d) log, 2 + log,, 8 =2log,, 16
21 Urclete viechna &isla z, y € R tak, aby byla feSenim dané soustavy:
a) oty =7 c) logyz+loggy =2
logz + logy =1 logy z + logy,y = 2,5
b) z? +y? =20 d) logz(z + 1) = 3lo8s1
log, z + log,y = 3 logi(z+y) =1+ logy 6
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22 Urdete viechna ¢isla z, y € R tal, aby byla fefenim dané soustavy:

a) logz +logy =1 d) zy = 100
2logz —logy =5 log? z + log?y = 10
b) log; = + 2log, y = 10 e) 2°TV.4%0-Y = 8
2log, 2% — log, y? = 10 logs(x 4+ y) =2
c) logy z +logyy =3 f) Hloge 4 losv =4

6logL _ 2logyy

-1 52logz_32logy:_8
logy y log% z

23 Reste rovnice s nezndmou z € R:
a) =+ logy,(8+2%) =7
b) z +logy(l —3-2%) = xlog,4
¢) logy 3 + logy 47V = log, (2+V=+! 4 4) 4 2
1) logs 4 - 2% + logs 3°F2 = log, 36"
e) log; 10 - 25% — logs (5% + 25) =z + 1
24 Reste rovnice s neznamou z € R:
a) 3198s% 1 45 = 2. 3logs =+l
b) 5. (41837 — 40) = 4logg o+l _ glogs =1

c) 3-16°8% —5.4logz _9—
d) 2logm + 310ga:—1 — 210g z+1 _ 3logz—2

5.3 Exponencidlni nerovnice

25 Relte nerovnice s neznamou z € R

a) 315 <1 c) 0,1 <1 e) 3*75 <0
1\=+3 3z+2
b) 2354 > 1 o (3)" > f) (3) >0
2 5 =
26 Reste nerovnice s neznamou z € R:
a) 3*1>9 c) 322 <7 e) 4% .2 <100
., 2 z
b) 0,12522+3 < 16 d) 02° >3 f) (?) |
27 Reste nerovnice s neznimou z € R:
a) 3a:+4 Z 32z—1 C) 0,232—2 g 0’231-‘,-5 e) 2%, 2z:+1 < 2z+3
122 1\2z+8 1\ 1 1
b 41:+5 < 16z+1 1 (_) < (___) f (_) i _
) Y s 6 1 3) 273
28 Reste nerovnice s neznédmou z € R:
a) 3%+l 4 3242 - 36 d) 25" —9.5%4+20<0
1yz-1 1\=—2 1\~ 1\z—-1
b) (= Z < = —(z >
) (2) +(2) =3 °) (2) (2) =1

¢) 27 — 3% > 2%%2 _ 3o+l f) 2 —5.4°2 <1201

37
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5 Exponencidlni a logaritmické rovnice a nerovnice

5.1 Exponencialni rovnice
1 Pfevedte na steyny zaklad

a) {2}, b} {2}, o {-2}, ) {-}} e {-2,-%} D{2}, g {2}, h{2+V3}
2 Vytykejte a)3%*+3% 31=108=3% (1+3)=108=3*=27=>z=3,

b) {-2}, o {2}, {3} e {-1}, H{2}
3 Substituce na kvadratickou rovnici

a) {3,1}, b) {2}, ¢ {-2,0}, ) {0,1}, e){-2}, ) {1}

4 a) Vytkndte 3°(1 4 3) = 4%(7 — 4), potom délte 3 = 3 = (2P =2 52 =1,

208

= 5 Erponencidini a logaritmické rovnice a nerovnice

b) {3}, o {3}, d){2}

5 a) Upravte 2® 2% 4+ 2® 3% = 2 3% 3%, potom dé&lte soulinem 2% 3% a dostanete
(%)z +1=2 (%)” Po substituc: kvadraticka rovnice z =0,
b) upravit, délit soulinem 4% 2%, =z =2

6 Logaritmujte log
a) z = logg 10 = ‘T"fﬁ =210, b)z=logs3 = Togt = =014,

IS

"

log18 __ _ _ log 16 _
c) = =logg 18 = fogs =161, d)=z -Iog% 16 = Tog 16-Tog 745 — —1,02

7 a) {logz 5}, b) {logs2, -1} o) {logz ¥}, d) {logz 2, -1}
8 a) Substituce 2% =a, 3¥ =b, [3,2], b) substituce 2% =g, 3V =0, [1,3],
c) substituce 2°7Y = q, 25+ = p,  [3,2],
d) substituce 16% =a, 16¥ = b, 2 feeni' [L, ], [, 3,
e) v prvni rovnici prevedte obé strany na zaklad 5, ve druhe na zaklad 6 [14,2],
f) substituce z¥V =a, [3,2]

5.2 Logaritmické rovnice
9 Uzijte definic1 logaritmu cisla ,
a) {7}1 b) {14}1 C) {_2}r d) {4}1 e) {E}l f) {16}7 g) {%}! h) {%}
10 Rovnaji-ii se logaritmy o steynem zakladu, potom se rovnaji i logaritmovane vyrazy
a') {_5}1 b) {i\/i}v C) {_1711}1 d) {2}
11 Utijte pravidla pro pocitam s logaritmy
a) {100}, b) {36}, ) {2}, d){1}, ) {3}, ) {2},
g) {1000}, h) {10}, 1) {3}, 0 {z} WA{2} D{2}
12 UZijte defima logaritmu, viz uloha 9 a) {%}, b) {235}, c) {2} 4d) {i%g}
13 V rovnici odstraiite zlomek, pak uZijte vatah k logz = logz*, dale viz dlohu 10
a) {11}, b) {3}, {3}, 9 {4
14 Substituce log, T = t, dostanete kvadratickou rovnici
2) {2,5}h, b){8L,F), o) {~5.63}, d){-}40)
15 Substituce log z =t, dostanete rovnici s neznamou ve jmenovateh  a) {100} b) {%}
16 a), c) Substituce, uprava, kvadratické rovnice
b), d) Pravidlo logz* =k logz, potom substituce, uprava, kvadraticka rovnice
3
) {7}, b) {10; 332}, ) {-§8 -1+ V3 -1+ Y3}, q) (4,1}
17 Dejte s1 pozor, kde je napsano na druhou UtZijte pravidlo pro logaritmus soucinu
a) {100}, b) {107%,10}, <) {109/10}, d) {+0,01, £/I0}
18 Pravidla pro po&itani s logaritmy SloZit&jsi ulohy
3 3
a) {155}, B){3,1}, o) {8, %), &) {1 L} e {3}, f){0,01,10, 100}
19 Logantmujte a) 2'°6® = 100z = logz!°¢* = log 100z = logz logz = log 100 + log <,
potom substituce logz = a
a) {0,1, 100}, b) {0,01, 10}, c¢) {0,1,1000}, d) {127}, e) {¥7,49}, ) {1 2}

logy =
logy, a

20 Utzijte vzorec pro zménu zakladu logantmu log, z =

g
9 ) b (s, o {2), o) (VD)

21 a) 2 = 7 -y, dosadit o druhe rovnice [5,2], [2,5]

b) Ze druhe rovnice plynez y =23 = z = S, dosadit do prvmi rovnice  [4,2], [2 4]

c) Pf'evtzflte viechny logantmy na zaklad 2, potom logy z = a, logyy = b [2,4]

d) Nejdfive upravte prave strany obou rovnic, potom uZijte definice logantmu  [2 0]

2) Substituce logz = a, logy = b [100 0,1]

b) NeJdl?ve ve 2 rovma pravidlo pro logaritmus mocniny, potom substituce  [16, 8]

C) Substituce log% T=a, log2 y==b [64, 5]2]’ [%,4]

d) z= 15—0 dosadit do druhe rovmice [1000,0,1], [0,1,1000]

€) V prvn: rovnic obg strany na stejny zaklad, ve druhe uZijte definic1 logaritmu [2, 7]
f) Substituce 5l°8% — ¢ 3logy — [1,10]
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