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Surfaces

given by set of points — points mesh | set of definition curves
types:
1. Approximation surface — mesh of control points, control mesh

2. Interpolation surface — mesh of definition points, definition
mesh

joining of Individual surface elements (= patches) with given
continuity Is patching

consider easiest free-form surfaces: ruled surface (interpolation),
surface of hyperbolic paraboloid (interpolation), Coons bilinear
surface (interpolation), Bézier surface (approximation)

curvatures, tangent planes etc. — page 24-28



Vector equation of a surface

e square area of parametrization (0; 1)?
* Input data in matrix form — map of surface

e forms of equation: P(u,v) = (z(u,v),y(u,v), z(u,v)), (u,v) e |0, 1]2
1. matrix form (preferred)

2. linear combination of basis functions — multiplication of
MAtriCeS  P(u.v) = Ho(u)Ho(v)Mog+ Ho(u)Hy ()Mo + . ..+ Hyn () Hp (0) My . (11,0) € [0,1]2

3. expression by summation

Plu,v) = Z - Hi(u)Hj(v)M; ;. (u,v) =10, 1]2
P(u,v) = H(u)-M-H(v) = =0 7=
Moo Mpq ... Moy, Hy(v)
(o). Hy (). .. () le,o 1\/[:1.1 . lefﬂ, | le( v)
M-;n.O M;n.l - M-‘.r.n..n. H n.(?-’)

(u,v) € [0,1]%.



Tangent vector of a surface

Definition 1.25 — Tangent vectors of parametric curves. The first partial derivative

P (u, v
P“(u,v) = oP(u,v) = (x%(u,v), y“(u,v), 2%(u,v)), (u,v)el (1.44)

ou

is a vector function. For (a, ) € I, this vector function determines a tangent vector of
parametric u-curve P%(u, v) at point P(a, [3)
OP(u,v)

Pa,B) = —3 = (2%(a, B). y*(a, B), 2%(av, 3)). (1.45)

U=k __'U:I;'B

— Textbook pg. 28
* similar for v-curve

 tangent plane is determined by tangent vectors of parametric u-
curve and v-curve In the given point on surface



Twist vector of a surface

Definition 1.28 — Twist vector. The second mixed partial derivative of vector function

Py y) — O*P (u,v) _ O*P (u, v) _

dudv Avou
= (z"(u,v), y"(u,v), 2"%(u,v)) = (2" (w,v), y"(u,v), 2"%(u,v)),
(u,v) €T (1.49)

is a vector function. For (a./3) € I, this vector function determines a twist vector of the
surface at point P(a, [3). ]

Twist vectors correspond to elevation of the surface from its tangent plane.

— Textbook pg. 28



Ruled surface

* Interpolates 2 given opposite boundaries (curves given by vector
function of one variable from linear interpolation between given
boundaries — connection of one and one point on each curve by
straight line segment)

« corners: Py = P(0,0), Py, = P(0,1), P,y = P(1,0), P, = P(1,1)
* boundaries: Py(u) = P(u,0), P;(u) = P(u, 1),
Po(v) = P(0,v), P,(v) = P(1,v)
ruled surface given by boundaries in u-direction is

P(u,v) = (1 —0)Pgo(u) +vPi(u). (u,v) € [0.1]?

v-direction is

P(u,v) = (1 —u)Pqo(v) +uP1(v), (u,v) € [0,1]?



Ruled surface

* properties:
* Interpolates given boundary curves

 the boundaries in v-direction of ruled surface given by
boundaries in u-direction are straight line segments

 the boundaries in u-direction of ruled surface given by
boundaries in v-direction are straight line segments



Ruled surface

* derivation of ruled surface equation

« Example 3.1 Example 3.2




Surface of hyperbolic paraboloid

* Interpolates 4 given points (= corners)
* bilinear interpolation — linear interpolation between 4 points

* vector equation of surface of HP given by corners Py, Py 1, P1 o,
P

P(u,v) = (1 —u)(1l —v)Poo+ (1 —u)vPoy +u(l —v)Py o+ wvPyq, (u,v) € [0, 1]

2



Surface of hyperbolic paraboloid

* properties:
* Interpolates given corners of the patch
* parametric curves in both directions (also boundaries) are
straight line segments

 surface of HP Is identical with ruled surface given by
straight line segments as boundaries



Surface of hyperbolic paraboloid

 Example 3.4
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Resulted surface Tangent vectors of parametric curves Twist vectors
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